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Abstract

The BLP demand model for differentiated products is the workhorse model for demand
estimation with market-level data. This model uses random coefficients to account for unob-
served preference heterogeneity. The shape of the distribution of random coefficients matters
greatly for many counterfactual quantities, such as the cost pass-through. In this paper, we
develop new econometric tools to test this distribution and improve its estimation under a
flexible parametrization. First, we construct new instruments that are designed to detect
deviations from the true distribution of random coefficients. Second, we develop a formal
moment-based specification test on the distribution of random coefficients. Third, we show
that our instruments can be successfully used to estimate a flexible distribution of random
coefficients. Finally, we validate our approach with Monte Carlo simulations and an empir-
ical application using data on car purchases in Germany. We also show that these methods

extend to the mixed logit demand model with individual-level data.
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1 Introduction

The differentiated product demand model initiated by Berry (1994) and Berry, Levinsohn, and
Pakes (1995) has been used in a wide array of empirical studies. It enables researchers to per-
form demand estimation in markets with differentiated products using either macro-level (market
shares) or micro-level (individual purchases) data while allowing for unobserved heterogeneity in
preferences as well as price endogeneity. This unobserved heterogeneity in preferences is mod-
eled through the use of random coefficients (RCs) in the utility function. This framework allows
researchers to estimate demand functions, price elasticities and counterfactual outcomes. Appli-
cations of the BLP model have notably studied the determinants of market power, the welfare
effects resulting from a merger or the introduction of a new good and the economic impact of a

tax or a subsidy.!

The informativeness of the empirical analysis depends on how well the model can reproduce the
underlying substitution patterns and approximate the shape of the demand curve, including its
slope and curvature. A recent result in Miravete, Seim, and Thurk (2022) shows that the commonly
used Gaussian RC on price imposes strong restrictions on the demand’s curvature and thus limits
the range of the implied pass-through. The degree of pass-through of taxes and costs is central to
answering many questions in economics such as the impact of tariffs or a cost shock on consumer
welfare. However, estimating a more flexible demand system with a non-Gaussian distribution of
random coefficients is challenging. First, there is a clear trade-off between the degree of flexibility
one chooses (for instance, going from a Gaussian to a Gaussian mixture) and the precision of
the estimates one obtains. Therefore, it is important to be able to test the specification chosen
by the researcher on the distribution of the RC (for instance, a Gaussian RC) and quantify the
degree of misspecification before potentially moving to a more flexible specification. Second, to

precisely estimate a more flexible distribution of RC, the researcher must choose instruments (or

'The BLP demand model has been used in numerous applications. A non-exhaustive list of examples includes:
Barahona, Otero, Otero, and Kim (2020), Berry et al. (1995), Crawford, Shcherbakov, and Shum (2019), Dubois,
Griffith, and O’Connell (2018), Durrmeyer (2022), Grennan (2013), Grigolon, Reynaert, and Verboven (2018),
Miller, Sheu, and Weinberg (2021), Miller and Weinberg (2017), Miravete, Moral, and Thurk (2018), Nevo (2000),
Petrin (2002), Reynaert (2021).



equivalently moment conditions) that strongly identify this distribution. The instruments used by
the current empirical practice work well with the standard Gaussian RC, but their performance
appears to decline as the specification becomes more flexible in the simulation exercises that we

perform.

In this paper, we provide novel econometric tools to address these two challenges. In particular,
we construct a new set of instruments designed to detect deviations from the true distribution of
random coefficients. Building on these instruments, we provide a formal moment-based specifi-
cation test on the distribution of random coefficients, which can be implemented without having
to re-estimate the model under a more flexible parametrization. Our instruments are designed
to maximize the power of this test when the distribution of RC is misspecified. We also show
how these instruments can strengthen the identifying power of the moment conditions used for
estimation, and thus be successful at estimating a flexibly parameterized distribution of RCs. As
an example of a flexible parametric distribution, we consider the Gaussian mixture, which can

approximate arbitrarily well any continuous distribution on the real line.

This paper consists of three main contributions. First, we construct a new set of instruments
that are designed to detect departures from the true distribution of RCs. The intuition we use
is the following. Any given distribution of RCs generates a structural error, which, if correctly
specified, is mean-independent with respect to a set of exogenous variables. This identifying
condition can be transformed into unconditional moments, which can be used to test whether
the chosen distribution of RCs is correctly specified. We formally define this test and construct
instruments that maximize its power against a fixed alternative. In a first step, we assume that
the econometrician knows the fixed alternative and we derive an expression for the first-best
instrument. We call this instrument the most powerful instrument (MPI) and show that this
specific choice of instrument achieves the consistency of the test. In a second step, we provide two
feasible approximations of the MPI that can be derived without knowledge of the fixed alternative.

We call these feasible MPIs the interval instruments in reference to the way they approximate the

MPI.

Second, we consider the case where the researcher wants to test whether the distribution of



RCs belongs to a given parametric family. For instance, the researcher may be interested in testing
if the random coefficient is normally distributed. This is a composite hypothesis, and we must
estimate the unknown parameters of the distribution in a first step. In a second step, we choose
instruments to test if the distribution evaluated at the estimated parameters is correctly specified.
Here, the interval instruments represent a natural choice of instruments as they are designed to
detect deviations from the true distribution of RCs. We study the asymptotic properties of our
test when the number of markets, T', goes to infinity and we prove the asymptotic validity of
the test under common assumptions. In particular, we account for the statistical uncertainty
stemming from the first step estimation, and we control for the magnitude of the approximations
that intervene in the estimation of the BLP model. Our asymptotic results complement previous
work by Freyberger (2015) on the asymptotic properties of the BLP estimator when the number

of markets grows to infinity.

Third, we show that our interval instruments can be successfully used to estimate the model,
and particularly so when the distribution of RCs is flexibly parameterized. We do so by exhibiting
the connection between the MPI and the classical optimal instruments used for efficient estimation
purposes. Specifically, we show that the MPI devoted to testing the specification of the model
at the true parameter against any local alternative can be rewritten as a linear combination of
the optimal instruments. This relation between the MPI and the optimal instruments helps us
understand why the interval instruments, which approximate the MPI, perform so well in our
simulations. So far, the literature has exclusively exploited instruments that approximate the
optimal instruments (Gandhi and Houde (2019), Reynaert and Verboven (2014)). We refer to
these instruments as traditional instruments. These have been shown to work well in the usual
Gaussian case. However, our simulations show that their performance declines when we depart

from the Gaussian RC.

To evaluate the performance of our test and instruments, we conduct two sets of simulation
experiments. First, we compare the performance of the test when using our interval instruments
and when using the instruments commonly adopted by practitioners (Gandhi and Houde (2019),
Reynaert and Verboven (2014)). We show that the test has the correct empirical size and that the



interval instruments significantly outperform the traditional instruments in terms of power under
alternative distributions. Second, we evaluate the performance of the interval instruments in
estimating the model when the distribution of RC is flexibly parametrized, and follows a Gaussian
mixture. We show that our instruments outperform the traditional instruments in terms of the
mean squared error. In the case where the RC is a Gaussian mixture, the three sets of instruments
perform equally well.

Finally, we apply the tools developed in this paper to estimate the demand for cars in Germany
from 2012 to 2018. The objective of the empirical exercise is to see how well our instruments
perform at estimating a flexible distribution of RCs using a real dataset. Given the importance of
price to address most empirical questions, we increase the flexibility of the model by estimating
a Gaussian mixture for the RC associated with price. Second, we use our specification test
to assess how the degree of misspecification decreases when we increase the flexibility in the
distribution of RCs. Third, we use our results to study how the shape of the RC on price can
modify important counterfactual quantities such as the pass-through. In particular, our empirical

results are consistent with the findings in Miravete et al. (2022).

Related literature. Our paper contributes to several strands of the literature. First, it con-
tributes to the literature on the flexible estimation of aggregate demand models for differentiated
goods. A few recent papers have proposed non-parametric and semi-parametric methods to esti-
mate aggregate demand functions. Compiani (2018) proposes a non-parametric estimator of the
demand functions. If relaxing all the parametric assumptions makes this approach conceptually
appealing, it also faces significant theoretical and practical difficulties (more stringent data re-
quirements, large curse of dimensionality, limited scope for counterfactual analysis).? Lu, Shi,
and Tao (2021) and Wang (2022) propose semi-parametric estimators of the distribution of RCs.

These approaches are complementary to ours and the instruments we develop in this paper can

2In particular, Compiani (2018) relaxes the Type 1 Extreme Value assumption on the taste shock. However,
it is not clear how restrictive this assumption is. McFadden and Train (2000) shows that a mixed-logit model
with flexibly distributed random coefficients can approximate any discrete choice model derived from random
utility maximization. On the other hand, the Type 1 Extreme Value assumption generates massive computational
gains, which allows for studying sophisticated markets with many products and many characteristics. Thus, the

cost-benefit analysis seems to be largely in favor of the logit specification.



be useful to implement their non-parametric IV estimation procedures, which are known to be
rather sensitive to the quality of the instruments (Chetverikov and Wilhelm (2017)). Finally, Ho
and Pakes (2014), Tebaldi, Torgovitsky, and Yang (2019) suggest deriving bounds directly on the
counterfactual quantities.

Our paper also contributes to the literature on the non-parametric identification of the distri-
bution of RCs in demand models (Fox and Gandhi (2011), Fox, il Kim, Ryan, and Bajari (2012),
Dunker, Hoderlein, and Kaido (2022), Wang (2022), Berry and Haile (2014)). First, we slightly
extend the identification result in Wang (2022) to link it directly to the primitives of the model,
without assuming that the demand functions are identified. Second, we provide a practical way of
constructing moments that feature high identifying power with respect to the distribution of RCs.

Third, we contribute to the literature that focuses on the practical estimation of the BLP
model. First, we show that the interval instruments that we construct in this paper can be
successfully used to estimate the distribution of random coefficients, and particularly so under
of flexible distribution of RCs. This new set of instruments complements instruments commonly
used by practitioners: Reynaert and Verboven (2014) and Gandhi and Houde (2019) (see Conlon
and Gortmaker (2020) for a review). Moreover, we provide a new parametrization of the model,
which facilitates the estimation when the distribution of RCs is a Gaussian mixture. This new
parametrization complements previous papers that aim at improving the estimation of the model
(Dubé, Fox, and Su (2012), Lee and Seo (2015), Salanié and Wolak (2019)).

Finally, our paper contributes to the literature on the asymptotic properties of the BLP esti-
mator (Armstrong (2016), Berry, Linton, and Pakes (2004), Freyberger (2015), Ketz (2019)). In
particular, we prove the asymptotic normality and the consistency of the BLP estimator in the

large market framework under less stringent assumptions than the remainder of the literature.

Structure of the paper. In Section 2, we recall the baseline BLP model, define the struc-
tural error of the model, and provide conditions under which the distribution of RCs is non-
parametrically identified. In Section 3, we derive the most powerful instrument and show how it
relates to the classical optimal instruments. In Section 4, we construct two feasible approximations

of the MPI. In Section 5, we present our specification test and show its asymptotic validity. In



Section 6, we conduct Monte Carlo simulations to evaluate the consequences of misspecification
on quantities of interest, and gauge the performance of our test and instruments. In Section 7,
we apply our new tools to estimate the demand for cars in Germany. We conclude the paper in

Section .

2 Model and identification

2.1 Indirect utility and moment restrictions

Indirect utility. We first describe the indirect utility function that induces the observed market
shares. Our setting closely follows the one introduced in the seminal paper Berry et al. (1995).
There are T markets indexed by ¢t = 1,...,T. There is a continuum of consumers indexed by
1. There are J; market-specific products in market ¢. Each consumer chooses a product j €
{0,1,..., J;} where j = 0 corresponds to the outside option. For the sake of exposition and
without loss of generality, we will assume throughout our analysis that the number of products is
constant across markets (V¢, J; = J). Product j is characterized by a vector of characteristics xq,
which includes the price of the good in most empirical settings. Consumer i derives an indirect

utility w;;; from purchasing good j € {0,1,...,J} in market ¢:

Ui = xlljtﬁ + & +$/2jtvi + Eijts (1)
s
it

with the following:

x1j¢ is a vector of product characteristics of dimension K associated with product j and for

which there is no preference heterogeneity; 3 represents preferences for x,;

e & is an unobserved demand shock on product j in market ¢;

dj¢ = r';,8+&;: denotes the mean utility for product j, the part of the utility that is common

to all consumers;

® 19, is a vector of product characteristics of dimension K, for which there is preference

heterogeneity; v; is the associated random coefficient that follows a distribution characterized



by density f and is independent of all the other variables: v; L (xy, &, {€ijt}j=1..7);

e ¢, is a preference shock that follows an Extreme Value type I (EV1) distribution independent

of all other variables and across 1, j, t.

For individual 7 in market ¢, the indirect utility from purchasing the outside option is normalized
to wior = €i0r- From the random utility functions in (1), we can infer the demand functions for
each good j in market ¢ denoted pj:(f, 5). Each consumer chooses the product that maximizes his
or her utility. Let y;;; equal 1 if individual ¢ chooses good j = 0,1,...,J in market ¢ =1,... 7"
We have the following:

v] 7é 07 pjt(f7 B) = Pfﬁ(yljt = 1|xt7€t)
= IP; 3(good j is chosen in market ¢ by individual i|x, &)
= Py p(uije > wine Vk # jloe, &)

_ / exp {xlljtﬁ + &t + Iéjtv}
RF2 14 Zi:l exp {21, 8 + &t + Ty, 0}

For the outside option, the demand function is written as follows:

fv)dv. (2)

(v)dv.

1
porlf2 B) = Py s(yaor = Lle, &) = / s
RE2 1+ Zi:l exp {xllktﬁ + &t + x,thU}

Following the EV1 assumption on the idiosyncratic shock on utility, the demand functions take
the usual logit form integrated over the distribution of preference heterogeneity. We assume in
this paper that the observed market shares are equal to the shares generated by the model above

at the true distribution f and the true preference parameter (:
Vja Vta Sjt :p]t(fﬂﬁ) (3)

Moment restrictions. Following the literature, we assume that the unobserved demand shock
&t is mean independent of z;;, a set of instrumental variables, namely, E[£;;|2;:] = 0 a.s.. The set
zj¢ traditionally consists of the exogenous characteristics of all the products on the market as well
as cost shifters, which are meant to instrument for price. Indeed, the price of a good is usually

considered to be an endogenous variable since it is correlated with the unobserved demand shock



&;; through the profit maximization problem of firms.> To estimate the model, the researcher
chooses functions of the instruments z;; to construct a set of unconditional moments. We refer
to these functions as estimation instruments and denote them hp(z;;). Likewise, in our analysis,
we study the functions of the instruments that are designed to test the specification of the model.
We refer to these instruments as testing instruments and we denote them hp(zj;), where D stands

for detection.

2.2 Inverse demand function and structural error

Inverse demand function. For any given distribution of random coefficients f , we define the
demand function p = (p1(+), ..., ps(+)) as the function which maps the vector of mean utilities 0 to

the vector of market shares generated by the model under f:
p('atha f) : RJ — [07 1]J

0+ 2. -
»—>/ e};p{ x2jtv} fw)dv.
Rz 1+ 0 exp {0 + ab,v}

Berry (1994) shows by applying Brouwer’s fixed point that for any (s;, x5;) and for any distribution

of random coefficients f (even when f is not the true distribution), there exists a unique 6 e R’
such that:
S = ,O(S,xgt,f).
We define the solution to the previous system of equations as the inverse demand functions:
o (se, woy, f) = 0. Unfortunately, there is no closed form expression for the inverse demand

function, which must be recovered numerically.

Structural error. From what precedes, we can uniquely define the structural error &;,( f , B)

generated by a distribution of random coefficient f and a homogeneous parameter f3:

§jt(f7 3) = Pj_l(st, Tat, f) - ‘rlljt/é' (4)

3To deal with the endogeneity of prices, Berry et al. (1995) also suggests using exogenous own-product character-

istics as well as exogenous characteristics from other products. The main idea behind the use of these instruments
is to take advantage of the correlation between price and exogenous characteristics implied by profit-maximizing
firms. To be precise, Berry et al. (1995) suggests using the sum of the characteristics from other products produced

by the same firm and the sum of exogenous characteristics from rival firms’ products as instruments.



The non-linear nature of the model is captured by the inverse demand function which enters the
expression of the structural error. The absence of an analytical formula for the inverse demand
implies that there is no closed form expression for the structural error, which complicates the
estimation of the BLP demand model. If we consider a parametric family of distributions F =
{f(|5\) DW= /~\}, then the structural error generated by a specific element in f(|5\) e F and § is

defined as follows:

§Jt(f(|5‘>»ﬁ~) = pj_l(stu Lot JF(|5\)> - xlljt/é'

2.3 Non-parametric identification

The main objective of this paper is to provide tools to test the specification on the distribution
of random coefficients and to improve its estimation under a flexible specification. A natural first
step is to study the conditions under which this distribution is non-parametrically identified. The
identification of random coefficients in multinomial choice models has been studied extensively
in the literature (Allen and Rehbeck (2020), Berry and Haile (2014), Dunker et al. (2022), Fox
and Gandhi (2011), Fox et al. (2012), Wang (2022)). We summarize some of these findings in
Appendix C.1. In this Section, we build on an important identification result in Wang (2022) to
recover a set of sufficient identifying conditions directly on the primitives of the model. We also
show that the identification result holds with a less stringent exogeneity assumption than in Wang

(2022).

In contrast to the rest of the literature, Wang (2022) adopts all the parametric assumptions in
the standard BLP model and looks for a set of sufficient restrictions under which the identification
of the demand functions implies the identification of the distribution of random coefficients. This
approach allows him to obtain conditions that are less stringent than the rest of the literature. In
particular, Wang (2022) makes no special regressor assumption, no full support assumption, and
no continuity assumption on the covariates. Specifically, he shows that if the demand functions
p = (p1,...,ps) are identified on an open set of R’, then the distribution of random coefficients

is identified.* His proof exploits the real analytic property of the demand functions.® In this

4Identification of demand functions can be achieved using Theorem 1 in Berry and Haile (2014).
°In particular, the real analytic property yields that the local identification of p on D C R” implies the iden-

10



paper, we build on this injectivity result to find sufficient identifying conditions directly on the
primitives of the model (without assuming identification of the demand functions). We also show
using a random permutation of the indices that we only require the demand shock &j; to be
mean independent of the instrumental variables zj; across products, but we do not require this
to hold for each product j taken separately. Formally, we only require E[¢;;|z;] = 0 a.s. and not
E[j|zjt] = 0 a.s. for all product j as previously. This is less restrictive, as demand shocks can
now be on average non-zero for certain products and account for unobserved quality inherent to
each product.

Let us formally state the assumptions that we impose to recover the point identification of (f, 3).

Assumption A.

(i) Strict exogeneity: E[¢;;]zj] = 0 a.s.;

(ii) Completeness: for any measurable function g such that E[|g(s;, z:)|] < oo, if E[g(ss, x1)|zj¢] =
0 a.s., then g(s;, x;) =0 a.s.;

(iii) The distribution of the data (s, xa, 14, 2¢) is fully observed by the econometrician and market
shares s; are generated by the demand model defined in Section 2.1 by equations (1) and (3);
(iv) Detectable difference in distributions: we say f and f differ (and write f # f) if there exists
7 € R¥2 such that F(7) # F(7);

(v) Let &y = (214, o) then z; is such that P(zjx; is positive definite) > 0 Vt;

(vi) There exists z; € X and an open set D C R’ such that 6; = Z1,5) + & varies on D a.s..

In A(i), we assume that the instruments are strictly exogenous. Assumption A(ii) is a com-
pleteness assumption that states that the instruments are strongly relevant with respect to (s, x;).
This assumption is typical of semiparametric or nonparametric IV models and is equivalent to a
full rank assumption in a linear IV model. Intuitively, it means that if the inverse demands are
different almost surely, then the instruments will be able to detect the difference. The complete-
ness assumption is a strong assumption that has been widely used in this literature (Berry and

Haile (2014), Dunker et al. (2022), Wang (2022)). Assumption A(v) is a standard rank condition.

tification of p on R’ From the global identification of p, he is then able to show that the random coefficients’

distribution is identified under a simple rank condition on zo;.

11



Assumption A(vi) is meant to ensure that there is enough variation in J; to apply the injectivity
result in Wang (2022). This assumption indicates that there needs to be sufficient variation in
product characteristics across markets in the data to identify f. In practice, product character-
istics are very similar from one market to the other and may not yield sufficient variation. A
judicious solution is to create inter-market variation by interacting product characteristics with
demographic variables characterizing each market. Let us now state our formal identification

result.

Proposition 1. Under Assumption A, the distribution of random coefficients f and the homoge-

neous preference parameters § are non-parametrically identified:

(fa B) - <f7 B) — E[gjt(fv /8)|zjt] =K pj_l(stathaf) - xlljtg

zjt} =0 a.s..

The proof is in Appendix B.1. The identification result above entails that under some fairly
weak conditions and in the presence of instruments that generate sufficient variation in the
product characteristics, the observed data identifies the distribution of random coefficients non-
parametrically. Formally, the model is at the true pair (f, ) if and only if the associated structural
error is mean independent of the instrumental variables z;;. We use this identification result to
show the consistency of our test under a specific choice of instruments that we will characterize

thereafter.

3 Detecting misspecification: the most powerful instru-

ment

The aim of this section is to recover the instrument with the greatest ability to detect misspec-
ification in the distribution of RC. To do so, we consider a setting in which the econometrician
wants to test a simple hypothesis of the form Hy : (f,3) = (fo, 80). The upper bar is used to
stress the fact that H is a simple hypothesis, in contrast to the composite hypothesis Hy : f € F
that we study in Section 5. Our approach builds on a simple intuition: if the model under H is
misspecified, then the structural error will depart from the true demand shock §;;, and our goal is

to find the best instrument to pin down this deviation. We proceed as follows. First, we introduce

12



a moment-based test for Hy and we show its asymptotic validity. Next, we derive an analytical
expression for the instrument that maximizes the power of our test against a fixed alternative
Hy: (f,8) = (fa, B). We call this instrument the most powerful instrument (MPI) and we show
how it relates to the classical optimal instruments, derived for efficient estimation purposes. In
Section 4, we provide two feasible approximations of the MPI, which have the critical property of

being invariant with respect to the alternative H,.

3.1 A moment-based test

We want to test Ho : (f,8) = (fo,50) against H, : (f,8) # (fo,B0). For any set of testing

instruments hp(z;;), we have the following implication:

Ho: (f,8) = (fo,00) = Hy: Elhp(zj)&(fo, Bo)] = 0.

We propose to test Hy indirectly through its implication H}, which is a set of unconditional

moment conditions. We test H/, with a moment-based test. Our test statistic writes as follows:

Sr(hp, fo, Bo) =TJ (TLJ ;gjt(fmﬁo)hD(zjt)) Q! (%;gjt(f())BO)hD(zjt)) , (5)

with € a consistent estimator of € the asymptotic variance-covariance matrix of \/% > ih p(2jt)&t(fo, Bo),
that is Qo = E[&2,(fo, Bo)hp(z¢)hp(25)']. We study the asymptotic properties of our test as the
number of markets, T, goes to infinity. As the focus of this section is on the construction of
the most powerful instrument, we postpone the treatment of the specific challenges implied by
parameter uncertainty (i.e. when [y and fy must be estimated beforehand) and by the numerical
approximations involved in the derivation of the structural error (in practice, the researcher derives
a numerical approximation of &;,(fo, 5o)) to Section 5. Additionally, to keep the results as simple
as possible while retaining the key intuitions, we assume independence of the demand shocks in
a given market conditional on z;;. This last assumption is relaxed in the proofs in Appendix B.2

and in Section 5.

13



Proposition 2. Assume that (s;, 2y, 2;) are i.i.d. across markets and consistent with the probabil-
ity model defined by equations (1), (2) and (3) evaluated at (f, 3), E[||&;:(fo, Bo)hp(2;:)]|?] < +o00,
Qp has full rank, and, for k # j, &; L &k|2;. We have the following:

o under Ho : (f,3) = (fo, Bo), St(hp, fo, Bo) T&; Xthplo:

e under H[’l K [hD(th)fjt(fo,ﬁo)] 7é 07 \V/q S ]RJr, IP)('S'T(h/D7 an/BO) > q) Tjoo 17

with | - |op being the counting norm.

The previous proposition indicates that as long as the testing instruments are functions of z;;,
our test procedure is asymptotically valid for Hy. We are testing H by virtue of its implication
Hy : E[hp(z)&i(fo, o)) = 0 and, as a consequence, the power properties of our test hinge

critically on the choice of the testing instruments hp(z;;). This is the focus of the next subsection.

3.2 The most powerful instrument (MPI)

The choice of testing instruments hp(zj) is key to maximizing the rejection rate of H, under
any alternative H, : (f,8) # (fo,B0). To guide our choice of instruments, we first derive the
instrument that maximizes the power of our test when the econometrician tests H, against a fixed
alternative H, : (f,8) = (fa,B.) # (fo,B0). We refer to this instrument as the most powerful
instrument (MPI). In practice, the researcher is often reluctant to fix the alternative. However,
the MPI represents a useful first-best solution for which we provide two feasible approximations

in Section 4.

Derivation of the most powerful instrument. To construct the MPI, we use the following

decomposition of the structural error generated under H,:

&it(fo, Bo) = §jt(fa7ﬁa)/ +§jt(fo,50) - gjt<faaﬁal7

true error under Hg Ag”
a

with Ag{; being the correction term due to misspecification under the alternative H,. Our goal

is to compare the ability of our test for different candidates hp(z;:), to reject H, under H,.

14



The literature offers many ways to compare the power of competing tests (see Gourieroux and
Monfort (1995) for a comprehensive review). First, we distinguish between exact and approximate
methods. Exact methods rely on the exact distribution of the test statistic (under Hy) and allow
for comparison in finite sample while asymptotic methods exploit the asymptotic distribution of
the test statistic and are informative in larger samples. In our case, the exact distribution of
our test is unknown. Thus, we rely on asymptotic methods, which is the most common case in
the literature. Second, we divide the methods into local and non-local methods. In parametric
tests, local strategies are based on the analysis of the power properties of competing tests under
a sequence of local alternatives f7 which converges to 6y at a given rate (usually \/LT) The
econometrician can compare two competing tests by means of their power functions (or more
precisely, the limits of these power functions when sample sizes go to +oc). This is called the
direct approach. The dual approach, which is known as Pitman’s relative efficiency, consists of
comparing the rates at which the minimal number of observations must increase to ensure a given
level of power. The approach we favor in this paper is the non-local approach developed in Bahadur
(1960). Here, the econometrician chooses the test with the smallest level o needed to attain a
given power against a fixed alternative and for a given number of observations. In other words,

the econometrician chooses the test that minimizes the risk of type I error ceteris paribus.

There are several reasons to favor Bahadur’s non-local approach. First, it is better suited for the
testing problem we study in this paper. The comparison criterion, known as the asymptotic slope
of the test, is in our case straightforward to derive, whereas it is not clear how one should derive
Pitman’s efficiency criterion when the test concerns non-parametric objects such as distributions.
Moreover, we study the properties of our test against a fixed alternative H, : (f,8) = (fa, a)
as in Bahadur’s case, which is not necessarily local. Finally, the literature has highlighted many
limitations of the local approach. Local criteria are often unable to discriminate between tests
even when these tests lead to different decisions (see Silvey (1959)). In addition, as shown in
Dufour and King (1991), a locally optimal test in a neighborhood of Hy may perform very poorly

away from Hy.

Let us now present the intuition for Bahadur’s comparison approach. From Section 3.1, we
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have:

Under Hy: St = Sr(hp, fo, Bo) 4 with § = X\th\o'

Following the same notations as in Gourieroux and Monfort (1995), we denote:

A(S) = ]P)]TIO(S > S).

The critical value is usually derived using the asymptotic distribution of the test statistic under

Hy. The approximate critical region at a given level « is then given by:
CR, = {Sr > A (a)} = {A(Sr) < al.

The main idea in Bahadur’s approach entails deriving the level of the test if one takes the value

of the test statistic as the critical value (this is also known as the p-value). Namely:
o = A(ST>

Bahadur suggests preferring the test that displays the lowest level ar at least asymptotically. A
formal analysis of the asymptotic behavior of ar shows that it is better to consider the limit
of a transformation of ar than the limit of ar directly. This gives rise to the concept of the

approximate slope of the test.

Definition 1 (Asymptotic slope of the test).

(i) Kr = —2log(A(Sr)) is the approximate slope of the test,
(i) Under H,: plim Ky = c(fa, B,) is the asymptotic slope of the test,

with plim, the limit in probability when T" — +o0.

Under the alternative H, : (f, ) = (fa, 8a), consider two sequences of tests based on Sk and S2
with asymptotic slopes c'( f,, 8.) and ¢?(f,, 8.) respectively. The test based on Sk is asymptotically
preferred to the test based on SZ in Bahadur’s sense if and only if ¢'(f,, 84) > ¢*(fa, 8a). To derive

the asymptotic slopes of our test, we apply an important result in Geweke (1981), which states
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that if under Hy: St Ti> X2 (with any ¢ € N*), then .57 <> ¢(f,, 8,) (When the limit exists).
—+o00
In our test, the limiting distribution is chi-squared. Thus, the asymptotic slope of our test with

instrument hp(z;;) writes:

Chp(fa,ﬁa) = plim %ST(hDa fo;ﬂo) = JE [fjt(fo;ﬁo)hD(th)]/QalE [fjt(foaﬁo)hD(th)] .

Let us note that the asymptotic slope can also be interpreted as a measure of the speed
of divergence of the test statistic in terms of population moments, i.e. speed of divergence =
T % ¢np(fa, Ba). In the next Proposition, we derive an analytical expression for the instrument

that maximizes the slope of the test.

Proposition 3 (Most powerful instrument).
Let H be the set of measurable vectorial functions of z;;. Under any fixed alternative H, : (f, ) =

(fa, Ba), we have the following:

(E [&6(fo, B0)|2)) " E[A§:|254] € argmax cpp (fa, Ba)-

hp€EH

The proof is given in Appendix B.2. The MPI equals the conditional expectation of the correc-
tion term Aﬁ{; divided by a conditional variance term E [£;;( fo, 50)?|2;:]. For exposition purposes,
we drop the conditional variance term in the subsequent analysis and take the homoskedastic MPI
hiy(zje) = E[Agmzjt] as the reference MPL.® Methods have been proposed to estimate the con-
ditional variance term non-parametrically and could be adapted to our case. However, it is well
known that conditional variance, which also appears in the formulation of the optimal instruments,
is difficult to model and estimate in practice. In the BLP framework, the large dimension of zj;
makes the exercise even more difficult. Hence, researchers typically ignore this term or impose a
restrictive and ad-hoc structure on the form that it can take (for instance, Reynaert and Verboven
(2014)’s approximation of the optimal instruments in the BLP model ignores the variance term).
The homoskedastic MPI, h},(z;:), features other appealing properties including (i) consistency of
the associated test and (ii) maximizing correlation with the structural error under the alternative.”

For simplicity, in what follows, we refer to the homoskedastic MPI as the MPI.

6This last expression corresponds to the exact formulation of the MPI under homoskedasticity.
"The consistency of the test also holds when we keep the conditional variance term.
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(i) Consistency. By setting hp equal to h%,, our moment-based test becomes consistent against

any fixed alternative H, : (f, 3) = (fa, Ba) # (fo, Bo). Namely, we have the following result:

Proposition 4 (Consistency of the test with the MPI). Under Assumption A and the same

assumptions as in Proposition 2, we have:

Ha:(f76):(favﬁa)7£(f0750) = \V/QER+, P(ST(h*va0a60)>Q) — L

T—+oo

The proof of this result is given in Appendix B.2.

(ii) Correlation with the structural error. Another interesting property of the MPI is to

be the function of z;; which maximizes the correlation with the structural error.

Proposition 5 (Correlation between the MPI and the structural error).

Let ‘H be the set of measurable functions of z;;, we have under H,:

Va e R*, o E[AY:]z;] € arg max lcorr (&5, (fo, Bo), B(z;1))] -

eH

The proof is given in Appendix B.2. Intuitively, the MPI h},(z;;) is designed to fully capture
the exogenous variation contained in the correction term Ag{; implied by the misspecification,

which yields the result above.

3.3 Connection with the optimal instruments

The MPI maximizes the power of the moment-based test for Hy : (f, ) = (fo, 8). In contrast,
the optimal instruments minimize the asymptotic variance-covariance of the GMM estimator when
the parameter of interest is identified by conditional moment restrictions. These two problems are
seemingly unrelated. However, we show that the MPI devoted to testing the specification of the
model at the true parameter against any fixed local alternative can be rewritten as a linear com-
bination of the optimal instruments. Consequently, one can reinterpret the optimal instruments
as a local approximation of the MPI devoted to testing the model at the true parameter. This
connection between the MPI and the optimal instruments helps us understand why the feasible ap-

proximations of the MPI we construct in Section 4 improve the performance of the BLP estimator
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in our Monte Carlo simulations when the distribution of RCs is flexible. In this subsection, we first
derive the optimal instruments. Then, we exhibit the relation between the optimal instruments

and the MPI.

The estimation of the model works as follows. The researcher assumes that f belongs to a
parametric family Fy = {fo(-|A) : X € A} and wants to estimate the true parameter 6y = (5, \j)’
under this parametric restriction. In the estimation context that we study here, 6, refers to
the true parameter. For now, let us assume that the model is correctly specified: f € Fy and
we shorten the notations by removing the dependence of the structural error in fo(-|5\), which
becomes implicit in this context. Namely, &;.( f0(~]5\), B) becomes §jt(5). We further assume that
6o is point identified by the following moment restriction: E[£;,(6p)|zj:] = 0 a.s..® The researcher
must choose the set of instruments hg(2;;) (or equivalently, the unconditional moments) to include

in the GMM objective function:
1 ' 1

Optimal instruments in the BLP demand model. Traditionally, the instruments hg(z;;)
are chosen to minimize the asymptotic variance-covariance of the estimator 6. The instruments
that reach this objective are called the optimal instruments. The resulting estimator is said to be
efficient in the sense that its asymptotic variance cannot be reduced by using additional moment
conditions. There is a large body of literature on the derivation of optimal instruments in econo-
metric models (Amemiya (1974), Chamberlain (1987), Newey (1990, 2004)). The BLP estimator

§ is a non-linear GMM estimator and classical results in Chamberlain (1987) and Amemiya (1974)

th:| )

8The identification conditions in the parametric case are less stringent than the conditions for the non-parametric

show that the optimal instruments in this case write:

Bip(zje) = Elje(00)°|25e] 'E [%a—f)

identification in Assumption A.
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The corresponding efficiency bound (obtained by setting hp = h};) writes:

V*ZE{E{%;_?Z.]E{M

-1

9t

th} E[&5¢(60)%|2e)

For the sake of exhaustivity, we show this result in Appendix B.2.1. As for the MPI, the
formulation of the optimal instruments above is obtained under the assumption of conditional
independence of demand shocks ;; in the same market: k # j, {;; L &i|z. In Appendix B.2.1,
we derive the expression for the optimal instruments under weaker assumptions on the demand

shock.” Consistent with what we did in the case of the MPI, we drop the conditional variance

term E[€;:(60)?|2;¢)-

Connection between the MPI and the optimal instruments. Let 6, the true parameter.
Under the parametric assumption f € Fy, the simple hypothesis Hy : (f, ) = (fo, B0) we studied
previously becomes Hy : § = 6. It is straightforward to show that, in the parametric case, the
associated MPI against a fixed alternative H, : 0 = 6, writes: hy(zi) = E [Agﬁf9a|zﬂ} with
Ag{)ﬁ@a = &1(6h) — &1(0,). By taking a Taylor expansion of £;(6,) around 6y, we obtain the

following;:

. 0&:.(0
Ag{)tﬁa = %(90 —04) + o(]|60 — 0al]2) -

We see that when 6, is in a neighborhood of 6y, the MPI, h},(2;;), against this fixed alternative

is a linear combination of the optimal instruments h};(z;;):

* jit ag 0
hD(th) = E |:A§O79alzjti| ~ E [%

hi(#5t)

th:| (90 — 0a>-

It follows that classical optimal instruments can be interpreted as an approximation of the MPI

10" Moreover, let us note that

devoted to testing Hy : 0 = 0y against any fixed local alternative.
the connection between the MPI and the optimal instruments holds if we keep the conditional

variance term in both cases.

9We allow for unrestricted forms of correlation between demand shocks within a given market.
10This interpretation of the optimal instruments only holds when the model is well specified i.e. f € Fy, and

thus, in general, the optimal instruments shouldn’t be used to test the specification of the model.
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4 A feasible most powerful instrument

The MPI is the most powerful instrument to reject Hy : (f, 3) = (fo, Bo) against a fixed alternative
Hy o (f,8) = (fa,Ba). Its derivation requires the knowledge of the alternative while in practice
the econometrician typically wants to remain agnostic about the alternative. Moreover, the MPI
is defined as a conditional expectation of a non-linear function with respect to a large dimension
vector z;;, and thus, even if the alternative H, is known, the MPI can be difficult to compute.
In this section, we remain in the same configuration, where the econometrician wants to test
Hy : (f,B) = (fo, Bo) against a fixed alternative H, : (f,3) = (fa, 3.). However now, we assume
that this alternative is unknown to the econometrician. We provide two feasible approximations
of the MPI, which do not depend on H,, and that, unlike the MPI, can be computed in practice.
To do so, we show that the MPI can be approximated by a linear combination of known functions
of zj;. We call these interval instruments in reference to the way these functions are derived. Our
feasible MPI is simply the vector of the interval instruments. The cost to incur for feasibility is
that the properties we established for the MPI do not carry over to the feasible MPI. Nevertheless,
our Monte Carlo simulations in Section 6 show that the interval instruments perform very well in

practice.

By construction, in the BLP demand model, the correction term writes:

Ag{; = 17;4(Ba — Bo) + P;l(sn T, fo) — p;l(sta T, fa)

= xajt(ﬁa — Bo) + Aj(st; T2t fo, fa)-

(6)

The previous equation shows that the correction term is the sum of a linear part, which is standard,

and a non-linear part which is specific to the BLP demand model.

Linear part. The linear part of the MPI writes: E[z1;:|25¢) (8a — Bo) = E[z1¢|25¢)"y. Thus, for
its linear part, the MPI is a linear combination of the conditional expectation of x;;; with respect
to the exogenous variables with unknown weights. If one is interested in specifically testing that

S = By, informative instruments simply consist of the variables in E[xy;:|z;].
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Non-linear part. The non-linear part, A;(s;, zo, fo, fo), is the part which is implied by the
misspecification on the distribution of RCs and for which we need to recover a feasible approx-
imation. Equation (6) indicates that the non-linear part is the difference between the inverse
demand functions generated by f, and f,. We now go one step further and derive two analytical
approximations of A;(s;, za, fo, fo) which we then use as building blocks to construct our feasible
approximations of the MPIs. The first approximation is based on a local expansion around f,. The
second approximation is based on an identity that is valid everywhere. The first approximation is

more precise locally whereas the second one is more robust to large deviations from f;.

4.1 Local approximation

First, we consider a local approximation of A;(s;, o, fo, fo). This approximation corresponds
to the first order term in the expansion of A(sy, za, fo, fa) “around fy”, which is recovered by

exploiting the properties of the inverse demand function, which is both C* and bijective in s;.

Proposition 6.
A first order expansion of A(sy, oy, fo, fa) around fo writes:
exp{0? + xosv}

8p(5197$2t,f0)>1/
A(se, wo, fos fo) = | ——F57— -
(st, Tat, fo, fa) ( 95 rRE2 |1 +Z,ﬁzleXp {0R, + v}

with 6] = p~'(s4, @ar, fo) and Ro = o [ure, [ fa(v) — fo(v)|dv).

p((S??x?tv fO) fa(v) + Ro,

The proof is in Appendix B.3.1. We first observe that for any density fy, we can construct
artificial market shares s? such that p=1(sy, 2o, fa) = p~(sY, xas, fo). Then, we recover the final
result by taking a Taylor expansion of p~'(s?, x4, fo) around s; and showing that the remainder
is bounded.!! This approximation is local by design: it works best when f, is a local deviation
from fy, even if it can be used more generally. To make this expression useful in practice, we
must still overcome two difficulties. The distribution f, is unknown to the econometrician. In
addition, some variables such as (5?lt are endogenous. However, notice that the previous expression

may be particularly useful if the econometrician is interested in testing H, against a fixed and

known alternative as we did in the previous section.

UThe expansion is taken around s; because s depends on f, and is thus unknown to the researcher.
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Discretizing the integral. To solve for the fact f, is unknown to the econometrician, we replace
the integral in which f, appears by a finite Riemann approximation. Namely,

L

s yiaE— L A
R

J J )
1+ Ek:l exXp {5215 + o, v} =1 1+ Ek:l eXp{(Sgt + Thpui}

with {v;},=1, 1 the points chosen in the domain of definition of f,, and {w;(f,)}i=1,..1 the asso-

ciated weights.!?

We provide more details on how to choose the points in Appendix C.4. It is
important to observe that in the Riemann approximation, only the weights depend on the alter-
native f,. This approximation can also be interpreted as approaching a continuous distribution

with a discrete one, where each point in {v;};—1 5 represents a specific consumer type with an

associated probability w;(f,). The non-linear part of the MPI can thus be approximated as follows:

L
BIA(s1, %o, fo, fo)l2i] =Y wi(fa) Blmju(si, )|z,

=1
exp{dY + zov; }
1+ Z;clzl exXp {5215 + Thvi}

- p(51?7 Lot fO)

Ap(6?, s, fo)\
00

with 7 (s, 24) = <

Approximating the conditional expectation. Ideally, we would like to estimate the condi-
tional expectation of m;;(s;, z;) with respect to z;,. The endogenous variables are {5%}3':1 ,,,,,, Js
and the potential endogenous variables in {zaj¢};=1._ s, which often include prices. In practice,
computing the conditional expectation is challenging because the dimension of z;; can be very
large and the functions 7;;(-) are highly non-linear and non-separable in the endogenous variables.
This makes it unappealing to use standard non-parametric estimation methods.!®> In the same
spirit as Reynaert and Verboven (2014), we first project the endogenous variables on the space

spanned by a relevant subset of z;;. We mark the projected endogenous variables with a hat and

12Tn the usual Riemann sum, the weights correspond to density evaluated at point v; : f,(v;) times the width of
the interval around v;.
3For instance, a Sieve nonparametric estimator of the conditional mean. The dimension of z;; makes this

approach of little relevance in practice.
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we plug them into our functions 7,;(-). Namely, we have the following approximation for every

interval instrument [:

N —1 ~
ap(6?7 i.Qta f0)> eXp{ég + iQtvl}

E[7(st, 2e)|2je) = Tj0(2) = < By 15 exp {50 Y Uz} — p(87, Zat, fo)
k=1 kt 2kt

J
We show in Appendix C.2 that this strategy yields an estimator of the conditional expectation

that converges faster to a first order approximation of the conditional expectation.

Test procedure. From what precedes, the MPI (for its non-linear part) can be approximated
as follows: I (z;) = S wi(fa) 7ju(2;). As we don’t know the weights w(f,), we propose to
take the vector 7;(zj1) = (7;1(%jt), ..., T;,.(zj¢)) as our testing instruments. We call them interval
instruments in reference to the way we divide the support into several intervals to construct this
approximation. Following the test procedure presented in Section 3.1, we perform a moment based
test for Hy : E [7;(2j:)&¢(fo, Bo)] = 0. Under the same assumptions as in Proposition 2 and setting

hp(z;t) = 7;(2), we have the following:

Under Hy : Sr(hp, fo, Bo) < X

T—+o0

This approach has the advantage of being feasible since we can construct the vector of interval
instruments 7;(2;;), while remaining completely agnostic about f,. The price to pay is that
we lose the optimality properties of the MPI. We further discuss the properties of the feasible
MPT in Appendix C.7. Moreover, the infeasible MPI, h},(z;:), is of dimension one and its test
statistic is distributed as x2 asymptotically. In contrast, the feasible MPI is of dimension L and
its asymptotic distribution is a x%. This increase in the number of degrees of freedom may lead
to some loss of power. An alternative approach would consist in letting the researcher choose the
weights {&;},=1,.. 1 and recover an instrument of dimension one. However, for this approach to
work well and retain good power properties, the econometrician must choose the weights so that
they approximately match the real weights {w;(f,)}i=1,.. . This requires a good prior knowledge
of the cumulative distribution function of the alternative distribution f,. Nevertheless, our Monte
Carlo simulations in Section 6 show that the feasible MPIs that we propose perform very well in

practice.
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4.2 Global approximation

Second, we consider a global approximation that is based on an identity which is valid everywhere
and not only when f is close to f,. Simple algebraic operations (see Appendix B.3.2) allow
us to derive the following expression for A;(s;, o, fo, fa). Let 5% = pj_l(st,xgt, fo) and 6%, =

p; ' (st, 2o, fa). We have:

exp{z} ., v}
fRK2 1""2#:1 exp{ggt-i-x’%tv} fa (U)dv

eXp{x’thU}
RE2 1+Zi:1 exp{&?t_i_xéktv} f() (U)dl)

Aj(stu Log, f07 fa) = log

As for the local approximation, we cannot directly exploit this formula as some quantities such
as f, and df, are unknown and some variables such as 5% are endogenous. To remedy these two
difficulties, we apply the same methods as previously described: we discretize the integral, and we
project the endogenous variables onto the space spanned by a relevant subset of zj;. To solve for
the fact that the mean utility 07, under the alternative is unknown, we replace it with the mean
utility under the null 5%. This should not alter the approximation too much given that 47, only
enters the expression at the denominator within a sum, which averages out the differences between
05, and 6% across products. In the end, we are able to provide the following approximation for the

non-linear part of the MPI:

exp{zy;,vi}
1+ZI{:1 exp{égt T V1 }

L
E[Aj(st,l’gt, f07fa>|2jt] ~ 10g (Z @l(fa) 7%']"[<th)> Wlth %j,l(zjt) =
=1

RE2 4577 | exp{89,+at, 0}
where {&;(f.)}i=1...1 correspond to the unknown weights and the 7;,(z;) are set of global
interval instruments. The MPI can thus be approximated by the logarithm of a weighted sum of
known functions of zj. As we did previously, we use 7;(z;1) = (7j1(2jt), .., Tjr(2)) as instru-
ments to test H,. All the weights are positive and sum to one, which entails that the non-linear
part of the correction term is an increasing function of our instruments. This approximation is
said to be global because contrary to the second approximation we study, it does not require fy
to be close to f,. Nevertheless, if f, is close to fy, then the fraction x inside the logarithm is close
to 1 and the well-known approximation log(x) ~ k — 1 allows us to directly rewrite the MPI as a

linear combination of our instruments.
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Overall, the feasible MPIs that we derive in this section allows us to approximate the most

powerful instrument against a fixed alternative while remaining agnostic about this alternative.

4.3 Feasible MPIs for estimation

In the estimation framework, the researcher stipulates that f belongs to a parametric family
Fo = {fo(-|]A) : X € Ay} and wants to estimate the true parameter , = (£}, ;) under this
parametric restriction. From the connection between the MPI and the local instruments that we
present in Section 3.3, we can infer that good estimation instruments hg(z;;) ought to approximate
the MPI devoted to testing Hy : 0 = 0y against any local alternative. If we have an initial estimator
of 6y, we can directly use the interval instruments presented previously to approximate the MPI
devoted to testing Hy : # = 0y against an unknown alternative. The fact that the feasible MPIs
do not depend on the alternative is key for estimation. Moreover, the transformation of the MPI
into a vector of instruments of dimension L > |)g| is necessary for estimation as the number of
instruments must be greater than the dimension of the parameter to estimate.'* In Appendix C.5,
we propose a version of the interval instruments that does not require a first step estimate of 6,

and that can be computed directly from the logit specification.

5 Composite hypothesis

In the traditional estimation procedure, which encompasses almost all the applications of the
BLP model, the econometrician must make a parametric assumption on the distribution of random
coefficients to estimate the model. Formally, the econometrician assumes f belongs to a parametric
family Fo = {fo(-|]A) : A € Ag}, where \ is a parameter that must be estimated. In applied work,
researchers typically assume that f is normally distributed. This parametric choice is rarely
grounded in economic theory and, if too restrictive, is likely to impose arbitrary restrictions
on some key counterfactual quantities such as the pass-through. In this section, we develop a
formal specification test for Hy : f € Fy. In comparison to the test in Section 3.1, we must now

estimate the parameters of the distribution 8y = (5;, )’ in a first step, which generates parameter

14The linear parameter 3y has its own instruments, which are simply the variables in x; jt-
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uncertainty. Moreover, we propose a rigorous treatment of the numerical approximations involved
in the derivation of the structural error f’jt(é). We organize this section as follows. First, we define
the pseudo-true value associated with a given specification and the first stage estimator. Second,

we define our test procedure and its implementation in practice. Finally, we study the asymptotic

properties of our test.

5.1 Pseudo-true value and first stage estimator

To estimate the BLP model, researchers must make three choices. They must choose the paramet-
ric family F, the instruments hpg(z;;) to estimate the model, and a weighting matrix W, which
weights the different moments included in the objective function. Given these three choices, we

can define the BLP pseudo-true value 6(Fo, hg, W) = 6y = (8}, \;) as follows:'?
0(Fo, his, W) € Argmin E |&(fo(-1N), D)hi(z0)| WE (2308l fo(13), B)]
6

If the model is well-specified (f € Fy) and the pseudo-true value is unique, then the pseudo-true
value is the true value: 6y = 6. Under misspecification, 6, is a parameter whose value depends
on (Fo, hg,W). For exposition purposes, we omit this dependence in the subsequent analysis.
Moreover, here we remain general and do not impose that W must be equal to the usual optimal
weighting matrix. It is often the case in practice, that the researchers choose the identity matrix

or regularize the weighting matrix.

First stage estimator 6. The first stage estimator is an empirical counterpart of the BLP
pseudo-true value defined previously. The minimization is done with respect to sample analogs.
Additionally, we know that there is no closed form expressions for the structural error &;;( fg(.|5\), B ),

and thus, we must use a feasible counterpart &;(fo(.|A), 3) instead.

0(Fo, hp, W) =0 = Argémin (Z gjt(fo(.|x),5)hE<zjt)> W (Z éjt<f0(.\X),B>hE(zjt)) . (7)

150ur definition of a pseudo-true value is closely related to the approach in White (1982) in the context of
maximum likelihood. In his case, the pseudo true value minimizes the Kullback-Leibler distance between the
assumed likelihood and the true likelihood, whereas in our case, the pseudo-true value minimizes a weighted sum

of population moments.
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The construction of the feasible structural error &;(fo(.|A), 3) requires the following 3 numerical

approximations:

1. The econometrician does not observe a continuum of consumers as in the theoretical model

but only empirical averages 5;; over the n; individuals in market ¢.
1
5 it — Yijt, 8
S ®
where y;;; € {0;1} are i.i.d. choices over the ¢ = 1,...,n.

2. There is no closed form for p;(., 9, fo(-|A)), the integral has to be computed through nu-

merical integration. A prominent example is Monte Carlo integration:

exp{d; + 40, }
8, a1, fo(|N)) J | 9
p; (0, T2, fo(|A) R Z 1+ 300 exp{dy + 2,0, } "

with v, iid draws from fo(-|\).

3. There is no analytical way to recover the inverse of the demand functions p=!(s;, Zas, fo(-|A))-

The most popular way to derive the inverse demand is by solving the following contraction:

C = (86,221, fo(-|N)) = 6 = 6+ log(sy) — log(p(8, . fo(+[X))-

This solution has given rise to the popular nested fixed point GMM procedure.!

In Section 5.3, we explicitly state the assumptions that allow us to neglect these approximations

asymptotically.

5.2 Test procedure

Under Assumption A, and assuming hpg(z;;) and W are such that the pseudo-true value 6, is

unique, the following equivalence holds:
Hy: feFo <= Ho:(f,8) = (fo(:|X), bo)
e ]E[fjt(fo('p\o),ﬂoﬂzj't] =0 a.s..

16 Another solution that has gained traction in the literature is the MPEC procedure (Dubé et al. (2012)) that

replaces the BLP inversion at each step of the minimization by imposing equilibrium constraints on the minimization

program.
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The pseudo true value reduces the dimensionality of the problem by allowing us to move from
a composite hypothesis Hy : f € Fy to the simple hypothesis Hy : (f, 8) = (fo(-|\o), o) studied
previously. As we did in Section 2, we propose a moment-based test of Hy.'" Under H,, for every

set of testing instruments hp(z;;), the following moment conditions must hold:

Hy:feFy < Ho:(f,8)=(fo(-I1N),0) = Hp: E[&:(fo(-|Xo), Bo)hp(zit)] = 0.

We now develop a procedure to test Hj. In comparison to the test in Section 3.1, we must
now account for the fact that the pseudo-true value needs to be estimated to derive the test
statistic, which generates parameter uncertainty. Moreover, we propose a rigorous treatment of

the numerical approximations involved in the derivation of the structural error.

Test statistic. For any choice of testing instruments hp(z;;), our objective is to test HY :
E[&t(fo(:| o), Bo)hp(2jt)] = 0 where 6y = (5], )’ is the pseudo-true value associated with the

parametric family F,.'® In order to test Hg, we consider the following Wald test statistic:

!/

Se(hos Fo.0) =17 2 S Gulhol 1), Dbz ) £ 75 S EulhoCIA) ()

where ¥ is a weighting matrix chosen by the econometrician and 6 = (B , 5\) is a consistent estimator
of fy. The number of markets T" is the dimension that we let grow to infinity to the asymptotic

properties of our test. We motivate this choice in Appendix C.3. Under some regularity conditions

170ther testing approaches could have been considered. First, one could use the previous equivalence to directly
test Hp via an integrated conditional moment test. We do not follow this route for at least two reasons. First,
this test will contain no information on the nature of the misspecification (it could be completely unrelated to the
distribution of RC). Second, in practice the dimension of z;; is often very large, which substantially reduces the
power of this kind of test. Another testing approach would have entailed testing Hy : f € Fp against a larger class
of densities that encompasses Fy. For instance, if Fy is the family of normal distributions, encompassing families
are mixtures of Gaussians with a larger number of components. We do not follow this route for two reasons. First,
it is not desirable to restrict the alternative to a class of distributions that encompass the null as the econometrician
does not know a priori the misspecification. Second, estimating the BLP model with a more flexible parametrization
is challenging. An advantage of our test procedure is that it doesn’t require estimating the model with a more

flexible parametrization.
BRemember that under an alternative specification, the pseudo true value also depends on the estimation

instruments hg(z;;) and the weighting matrix.
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that we make explicit in the following section, the asymptotic distribution of the test statistic under

Hj is as follows:
Sr(hp, Fo,0) % 2'82, (10)

Ei(foIN), B)hp(zj) 2 Z ~ N(0,$). (11)

1

J
with

2

t=1 j

35~

Y. is the probability limit of 3. We make explicit in the next subsection (in particular, the
derivation of €y takes into account parameter uncertainty ). Given that Y is chosen by the
econometrician and it is possible to derive a consistent estimator of Qo, the econometrician can
always simulate the asymptotic distribution of the test statistic. In some polar cases, which we
present hereafter, the asymptotic distribution of our test statistic is pivotal chi-square distribution

that does not require to be simulated.

Two polar cases. For the sake of exposition, let us now describe two polar cases where the
asymptotic distributions are pivotal chi-square distributions, which do not require to be simulated.

Denote by | - |o the counting norm.

1. Sargan-Hansen J test: If the set of estimation instruments and the set of testing instru-
ments are the same (hg = hp), if W is the 2-step GMM optimal weighting matrix and if
3> = WL, then our test boils down to the usual Sargan-Hansen J test and we have under
Hy:

Sr(hps Fo.0) 5 X2, 0 i6lo-

2. Non-redundant hp and hg: if QO has full rank and if the econometrician sets 3 = ﬁg L

then our test statistic has the following asymptotic distribution under H/:'

ST(hD,Fo, é) i) X|2hD|0’

9Tf )y is singular, one can always use directly the asymptotic distribution in 10 or apply the singularity-robust

procedure proposed in Andrews and Guggenberger (2019).
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Choice of the testing instruments. As previously indicated, the power properties of our
test hinge critically on the choice of testing instruments hp(zj:). We established that the MPI
and its feasible counterparts, the interval instruments, feature attractive properties in testing
Hy : (f,B) = (fo(-|X0), Bo) against any fixed alternative. Thus, it is natural to use these instruments
for the specification test above. In particular, we show that the consistency of the test with the

MPIT carries over to the general specification test above in Appendix B.5.

5.3 Asymptotic validity

We now study the asymptotic properties of our test when the number of markets T' goes to infinity.
To establish the asymptotic validity and consistency of our test, we exploit classical results on
the asymptotic normality of the non-linear GMM estimator (Hansen (1982), Newey (1990)) as
well on the large-T" asymptotics of the BLP estimator (Freyberger (2015)). The main challenge
here is to control the magnitude of the approximations that intervene in the derivation of the
structural error so that they can be neglected asymptotically. Contrary to Freyberger (2015), we
do not assume the convergence of any moments ex-ante and we allow for the approximation error

between demand and observed market shares to be non-zero.

Assumption B.

(i) (s¢, 24, 2)f; are i.i.d. across markets and are consistent with the probability model defined
by equations (1), (2) and (3) evaluated at (f, 5);

(ii) Strong Exogeneity: E[£;:(f, 8)|2t) = 0 a.s.;

(ili) Finite moment conditions: x4 has bounded support and xy; has finite 4th moments.

In B(i), we assume that the data are i.i.d. across markets, an assumption which we could
relax slightly (technically, only certain moments need to be identical across markets), and that
the data are generated by the BLP demand model at a given pair (f,3). In B(ii), we assume
exogeneity of our instrumental variables. Let us stress that to show the asymptotic validity of
our specification test, we do not require (f, 3) to be non-parametrically identified, as we just need

parametric identification under Hy. In particular, we do not need all the assumptions in A. B(iii) is
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a necessary condition to recover the asymptotic normality of the BLP estimator. x;; having finite
4th moments is standard. xo; having bounded support has two purposes. First, it implies that the
structural error has a finite 4th moment, Compiani (2018) makes the same assumption on price
for this purpose. Second, it ensures that the mapping used in the nested fixed point algorithm is a
proper smooth contraction, which allows us to prove that the NFP algorithm converges (without
truncating the contraction mapping as in Berry (1994) and Berry et al. (1995)) and control for
the NFP approximation bias.

Assumption C.

Fo is such that :

(i) Ao belongs to the interior of Ay with Ay compact;

(i) A = p(8, g, fo(-|\)) is well defined and continuously differentiable on A,.

In C(i), we assume that, for any given DGP, the associated pseudo-true-value \q associated with
the family Fj lies in a compact space Ay. This condition is standard in establishing the consistency
and asymptotic normality of M-estimators. Second in C(ii), we impose that the demand function

and its derivative with respect to A should both be well defined and continuous.

Next, we impose conditions on the instruments that are used for estimation hp(z;;) and for

testing hp(z;:) and on the BLP estimator itself.

Assumption D.

For a given Fj that satisfies Assumption C and for some weighting matrix W and X, the following
conditions must hold:

(i) Finite moments for instruments: hg(z;;) and hp(zj;) are not perfectly colinear and have finite

4th moments;

(ii) Global identification of 6y: 36, such that v 2 0y:

J

E Zéjt(fo(-i),ﬁ)hE(th)’} WE [Z hE(th)fjt(fo('IS\%B)} >E [Z§jt(fo('|>\o),ﬂo)hE(th)’] WE [Z he(zj1)€5t(fo(-[Ao), Bo) | ;
j i j '
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(iii) Local identification: I'(Fo, 09, hp) = E |>_; hﬂ@ﬁw and I'(Fy, 0y, hp) have full
column rank;
(iv) W and ¥ are symmetric positive definite and W Sw,shw

(v) § minimizes objective function (7) and satisfies the FOC of the minimization problem:

(3 S e ) w (St ) <o

gt

Assumption D restricts the class of instruments which can be used for estimation and for
testing. More specifically, D(i) and D(iii) are common regularity conditions necessary to establish
asymptotic results whereas D(ii) is an identification condition which ensures that the pseudo true
value 6y is uniquely defined, which is critical to show the consistency of the BLP estimator. Finally,
Assumptions D(iv) and D(v) impose regularity conditions on the weighting matrix as well as on

the BLP estimator itself.

The next assumptions ensure that the numerical approximations involved in the derivation of

the structural error do not interfere with the asymptotic theory.

Assumption E.
(i) Let ny be the number of individuals in market ¢, (n;)._, is i.i.d. and independent from all other

variables. First it must be that V¢ +TE(n; Y 2) . _4>r 0. Second observed market share 5; in
— 00

. 1 &

Sjt = — Yijt

J Tlt E , Jts
=1

with (y;;¢)it, i.i.d. draws generated by the BLP demand model at a given pair (f, 5) conditional

market ¢ must write:

on (¢,&).

(ii) Let R be the number of simulations, then the simulated demand for product j writes:

0. V) = 5 3

r

exp{d; + 4,0, }
1+ 32, exp{dx + 00}

where v, fo(-|A), and L et 0.
—

(iii) Let H be the stopping time for the contraction (which depends on T') and € the fixed Lipschitz
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constant of the contraction mapping used to invert the demand function, then it must be that

\/TEH — 0.

T—+o00

A sufficient condition for E(i) to hold is that the minimum number of individuals observed in
any market is of higher order than the total number of markets. This condition can be checked
in practice.?’ Assumptions E(ii) and E(iii) can also be checked in practice and are more manage-
able because R and H are chosen by the researcher and can always be increased so that these

assumptions hold.

Given our assumptions, we derive the asymptotic distribution of our test statistic under the

null, and show that the test is consistent.

Theorem 5.1. Let § = 6(Fy, W, hg) be the BLP estimator associated with distributional as-

sumption JFy, weighting matrix W, estimating instruments hg. Under assumptions B-E,

o Under Hj: E[&(fo(-[o), Bo)hn(z4)] = 0,

Sr(hp, Fo,0) > 2's2, Z ~ N(0,Q),

T—~+o00

where

Q ( G) Q(Fo,hp) Q(Flth?h‘E) I‘hD|0
0 inplo
Q(Fo, hp, he) Q(Fo, he) G’

Q(fo,hD,hm—cov(Zfﬁ (1) Bo)p (z50), Zfﬁ F(1N), ﬁo>hE<zﬂ)),

G = - (F07907hD>[ (F07907hE) WF(F07907h‘E)] (f0a907h‘E)/W

e Under Hj = E[hp(z)&:(fo(| M), fo)] # 0,

Vg e R, P(Sp(hp, Fo.0) >q) — 1.

T—+oo

20Note that by making stronger assumptions on the higher moments and the support of the observed character-

istics, it is possible to find milder conditions on the number of individuals relative to the number of markets.
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The proof of Theorem 5.1 is in Appendix B.4 and comprises three main steps. First, we show
that under the assumptions in E, the numerical approximation becomes asymptotically negligible.
Second, we show the consistency and asymptotic normality of the BLP estimator. Finally, we
derive the asymptotic distribution of the test statistic, taking into account parameter uncertainty
(0o is estimated and not observed). The apparent complexity of the asymptotic variance-covariance

matrix )y is a direct consequence of parameter uncertainty.

6 Monte Carlo experiments

In this section, we conduct three distinct sets of Monte Carlo experiments. First, we implement a
simple simulation exercise to assess the effects of incorrectly specifying the distribution of random
coefficients on quantities of interest such as price elasticities or cross-price elasticities, which are
known to play a key role in shaping the counterfactuals. In a second set of Monte Carlo exper-
iments, we study the finite sample performances of the specification test developed in Section 5
with different sets of testing instruments. We first examine the size of our test in finite sample.
Then, we investigate the power properties of our test under alternative specifications (with al-
ternatives including Gaussian mixtures, gamma distributions and local alternatives). We show
that our test with the interval instruments significantly outperforms the traditional J-test with
the usual instruments. Finally, in the last Monte Carlo exercise, we study the performance of the
interval instruments to estimate the parameters of the model by means of comparison with the

commonly used instruments in the literature.

6.1 Simulation design

For the sake of exposition, we will keep the same simulation design for all the simulation exper-
iments. The simulation design closely follows the simulation design used in Dubé et al. (2012),
Reynaert and Verboven (2014). The market includes J = 12 products, which are characterized by
3 exogenous product attributes x,, x; and x. that follow a joint normal distribution. The price
p is endogenous and depends on the observed and unobserved characteristics and on some cost

shifters ¢; and c¢,. Consumer heterogeneity is present only in z., and the random coefficient v;
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associated with x. follows various distributions depending on the simulation exercise. The sample

size T varies between 50, 100 and 200 markets. We can summarize the DGP as follows:

Uijt = 2+ Taje + 1.DTpj¢ — 2pje + TejrVi + i + Eijt &t~ N(0,1), g0 ~ EV,

Ta 0 1 —0.8 0.3
and | g | ~Nf]o |, -08 1 03]][;
Tej 0 03 03 1

pjt =1 + gjt + th —+ Zxkjt + Cljt + C2jt with Ujﬂg ~ U[—4, —2], Cljt ~ U[Z, 4] and C2jt ~ U[?), 5]
k=a

Market shares are generated by integrating over 20,000 consumers. This allows us to essentially

remove the approximation error between the observed and theoretical market shares.

6.2 Counterfactuals under an alternative distribution

We now present a simple exercise to illustrate how the misspecification of random coefficients can
affect the estimation of quantities of interest such as price elasticities and cross-price elasticities.
To do so, we simulate data using the simulation design introduced above and we take various
distributions for the random coefficient v; (respectively: Gaussian mixture, Uniform, Chi-square,
Exponential, Student, Gamma). We ensure that all the distributions have the same mean and
variance (3 and 3, respectively). For each distribution, we simulate 7" = 100 markets of data
and we estimate the model either assuming no heterogeneity (simple logit) or assuming that v; is
normally distributed. We replicate the same exercise 500 times for each distribution. This allows
us to recover the mean estimate for the parameters as well as to construct 95% “confidence bins”
(by trimming the observations below the 2.5% quantile and above the 97.5% quantile). We plot
the true densities and their estimated counterparts under the normal and logit assumptions in
Figure 1. We observe that the estimated logit parameters and the estimated means of the normal

distributions always coincide and are close to 3 for all the distributions. However, there is some
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variation between the different specifications. For instance, the estimated means are larger with
the exponential distribution. The estimated variances also vary from one specification to the other.
The estimated variances for the exponential distribution are smaller, while they are larger for the

student distribution.

Figure 1: True densities and estimated densities under normal and logit specifications
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In a second stage, we simulate N = 5,000 draws from the true distributions as well as from the
estimated logit and normal approximations to compute the demand, the price-elasticity and the
cross-price elasticity for the product j* with the highest value for x..2! The cross-price elasticity is
arbitrarily taken for product j = 1 with respect to p;«. We derive the quantities of interest for 100
equally spaced values of p;« ranging in |0, 10[. We plot the elasticities in Figure 2 and cross-price
elasticities in Figure 3 generated by the true distribution as well as those generated by the logit
and normal approximations, respectively. We proceed similarly with the demand functions. We
see in Figure 9 in Appendix).

One can observe that, as expected, the logit specification poorly replicates the substitution pat-

21The expressions for both price-elasticities and the cross-price elasticities are in Appendix D.1.
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terns. In particular, it consistently overstates the magnitude of the elasticities and cross-elasticities
with respect to the true ones. The absence of consumer heterogeneity on characteristic ¢ implies
that consumers can “renounce’ more easily to product j* when its price increases. By intro-
ducing some heterogeneity, the normal approximation somewhat attenuates this issue. However,
significant discrepancies in the shape of elasticities and cross-price elasticities remain. As most
counterfactual analyzes rely on the substitution patterns generated by the model, these differences

will inevitably create significant biases.

Figure 2: Price elasticities
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Figure 3: Cross-price elasticities
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6.3 Finite sample performance of the specification test

We now study the empirical size and power of our test under different sample sizes and for
different sets of testing and estimating instruments. Once again, the data are generated according
to the simulation design exhibited previously for various distributions of v;. The assumption made
throughout the simulations is Hy : f € Fp, where Fy is the family of normal distributions. In
other words, we always assume that the random coefficient is normally distributed and we test
this hypothesis. We set the nominal size to 5%. We study the finite sample performances of
the specification test that we presented in Section 5 using different sets of estimation and testing
instruments. For estimation, we take the instruments commonly adopted by practitioners: the
differentiation instruments of Gandhi and Houde (2019) and the ”optimal” instruments of Reynaert
and Verboven (2014). Both of these sets are approximations of the classical optimal instruments.
Second, we compare the performance of the test when performing the standard Sargan-Hansen J
test (i.e. when we use the same instruments for testing and estimation) and when we use the global

and local approximations of the MPI that we constructed in Sections 4.2 and 4.1. We denote the
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latter tests as I Local and I Global respectively. The BLP estimator is computed following the
NFP GMM procedure described in Section 5.1. For the optimization, only an analytic Jacobian
is provided. We ensure that the number of tested restrictions is of the same magnitude across the
different sets of instruments. More details on the exact sets of instruments and on the estimation

procedure for this specific set of simulations are given in Appendix D.2.

6.3.1 Empirical size

The size is the probability of rejecting the null hypothesis when the null is true, so we compute
the empirical size by counting and averaging the number of times we reject the null for nominal
size 5% over the 1,000 simulations when the random coefficient v; is normally distributed. Below
in Table 1, we report the empirical sizes of the test with the different sets of instruments described
above for the different sample sizes T' € {50, 100,200} and for different distributions of the RC
such that v; ~ f € Fq.

Table 1: Empirical size for nominal size 5% (1000 replications)

Number of markets T=50 T=100 T=200
Estimation instruments “Differentiation” “Optimal’ “Differentiation” “Optimal’ “Differentiation” “Optimal’

Test type J IGlobal Tlocal| J 1IGlobal ITlocal| J 1IGlobal Tlocal| J 1IGlobal Ilocal| J 1IGlobal Ilocal| J I Global I local

v; ~ N(=1,0.5%) 0.294 0.083 0.091 |0.145 0.078 0.063 |0.138 0.078 0.058 |0.094 0.084 0.047 | 0.08 0.052 0.053 {0.064 0.05 0.04

v; ~ N(0,0.75%) 0.293 0.084 0.085 |0.148 0.081 0.071 {0.137 0.061 0.06 | 0.1  0.059 0.05 |0.074 0.053 0.045 [0.062 0.048 0.036

v ~ N(1,12) 0.287 0.084 0.083 |0.142 0.084 0.073 |0.142 0.055 0.054 |0.098 0.053 0.047 |0.079 0.042  0.03 [0.058 0.035 0.025

v ~ N (2, 22) 0.288 0.087 0.077 {0.145 0.071  0.072 |0.138 0.069 0.051 |0.099 0.053 0.056 |0.077 0.044 0.041 |0.069 0.037 0.044

v ~ N(3,32) 0.287 0.089 0.071 |0.137 0.075 0.066 |0.145 0.074  0.06 |0.098 0.06 0.061 |0.076 0.044 0.037 |0.061 0.046 0.046

We observe that with a moderate sample size (7" = 50,.J = 12), all the tests are over-sized.
This is within expectations and due to the approximations inherent to the estimation of the
BLP models as described in Section 5 and the relatively large number of instruments used for
estimation and testing purposes.?> However, we notice that the Sargan-Hansen J tests are much

more over-sized than the tests with the interval instruments: the rejection rate is above 25% for

22The number of over-identifying restrictions lies between 6 and 8. The Sargan-Hansen J tests are known to

suffer from size distortions as the number of instruments increases.
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the Sargan-Hansen J test with differentiation instruments vs around 8% for the I test. Increasing
the sample size improves the tests’ empirical levels and shifts them towards the nominal level,
which is a good indication of the validity of our test. Even with a relatively large number of
markets (7" = 200), the Sargan-Hansen J tests remain slightly oversized (rejection rate is still
slightly above 5%). On the other hand, for the test with interval instruments, the empirical size
appears to match the nominal level for all but two configurations, where it seems to be slightly

undersized.

6.3.2 Empirical power

Power is the probability of rejecting the null hypothesis under an alternative. We compute the
empirical power by counting and averaging the number of times we reject the null for the test
of nominal size 5% over the 1000 simulations when the distribution of random coefficients is
misspecified. The simulation setup remains the same as previously with the only modification
being that the true distribution of v; is now either a mixture of normals or a Gamma. We report
the power against the different alternatives in the subsequent tables. The main takeaway from our
results is that the test with the interval instruments as testing instruments (I global and I local)
largely outperforms the traditional Sargan-Hansen J-test against all the alternative distributions

considered in our simulations.

Power against Gaussian mixture alternatives. We simulate data with the random coeffi-
cients distributed according to the Gaussian mixtures described below. We plot the true distri-
butions in Figure 4. We report the results in Table 2. We observe that the test with the interval
instruments has great power against all the mixtures tested. The rejection rates go to 1 very

quickly in comparison to the Sargan-Hansen J tests.

v=Dv+(1—D)vy, P(D=1)=p, P(D=0)=1-p,
vl~N<—,/3—p+2,1) UQNN( M+2,1>,
I—p p
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with p € {0.1;0.2;0.3;0.4; 0.5}.

0.3-

0.2-

0.1-

0.0-

Figure 4: Densities, Gaussian mixture alternatives
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Table 2: Empirical power, Gaussian mixture alternatives (1000 replications)

Number of markets T=50 T=100 T=200
Estimation instruments “Differentiation” “Optimal’ “Differentiation” “Optimal’ “Differentiation” “Optimal’
Test type J IGlobal ILocal| J IGlobal ILocal| J IGlobal ILocal| J IGlobal ILocal| J IGlobal ILocal| J I Global I Local
Mixture 1 0.533  0.991  0.987 |0.719 0.989  0.989 |0.604 1 1 0.967 1 1 0.829 1 1 1 1 1
Mixture 2 0.626  0.996  0.998 |0.613 0.997  0.998 |0.723 1 1 0.905 1 1 0.933 1 1 1 1 1
Mixture 3 0.629 0992 0995 | 0.43 0.996  0.997 |0.741 1 1 0.7 1 1 0.941 1 1 0.977 1 1
Mixture 4 0.601 0.983 0.982 |0.275 0.981  0.981 |0.713 1 0.999 |0.368 1 1 0.921 1 1 0.672 1 1
Mixture 5 0.56  0.907  0.904 |0.157 0.9 0.906 |0.635 0.993  0.995 |0.124 0.995  0.996 |0.855 1 1 0.146 1 1

Power against

Gamma alternatives.

We simulate data with the random coefficients dis-

tributed according to the Gamma distribution described below. We plot the true distributions in

Figure 5. We report the results in table 3. We observe that the test with interval instruments

has great power against all the Gamma distributions tested except for the first one, which we can

see on the plot has a distribution that is relatively close to a normal distribution. Even for the

first Gamma distribution, it still outperforms the traditional sets of instruments. For all the other

Gamma distributions, the rejection rates go to 1 very quickly in comparison to the Sargan-Hansen

J-tests. This confirms the superiority of the interval instruments in detecting misspecification in
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the distribution of random coefficients. In Appendix D.2, we also study the power properties of

our test against local alternatives.

v~ T(2,k)

1.0-

0.0

with k € {0.25,0.5,0.75,1,1.5}

Figure 5: Densities, Gamma alternatives
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Table 3: Empirical power, Gamma alternatives (1000 replications)

Number of markets T=50 T=100 T=200
Estimation instruments “Differentiation” “Optimal’ “Differentiation” “Optimal’ “Differentiation” “Optimal’
Test type J IGlobal I Local| J 1Global ILocal| J IGlobal ILocal| J IGlobal ILocal| J IGlobal ILocal| J I Global I Local
Gamma 1 0.293 0.106  0.093 [0.142 0.082  0.074 |0.154 0.083  0.073 |0.094 0.092 0.08 |0.118 0.155  0.139 |0.066 0.156  0.138
Gamma 2 0.516  0.747  0.752 | 0.14  0.781 0.77 10.562 0.983  0.978 |0.095 0.982 0.98 |0.492 1 1 0.08 1 1
Gamma 3 0.607  0.96 0.962 |0.157 0.963  0.969 |0.693 0.998 1 0.156 1 1 0.922 1 1 0.161 1 1
Gamma 4 0.622  0.97 0.99 [0.207 0.962  0.995 |0.748 0.999 1 0.263 1 1 0.933 1 1 0.412 1 1
Gamma 5 0.687 0.991  0.999 [0.371 0.988  0.999 |0.812 1 1 0.585 1 1 0.976 1 1 0.865 1 1

6.4 Finite sample

performance of interval instruments for estimation

In our last simulation exercise, we evaluate the performance of our interval instruments in estimat-

ing the parameters associated with the RC when the distribution of random coefficients is flexibly

parametrized. To do so, we simulate data with a distribution of random coefficients following
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a mixture of Gaussians and we estimate the parameters of this mixture. We provide a method
to estimate the parameters when the distribution of the RC is a mixture in Section C.6 of the
Appendix. In particular, we provide a new parametrization of the model, which yields substantial
practical gains and may be of interest to researchers independent of the rest of the paper. The
simulation design remains the same as previously. We assume that the random coefficient v; is
distributed according to the following mixture: v; ~ D; N(—2,0.5) + (1 — D;) N(4,0.5) with
P(D; = 1) = 0.25. Thus, there are 5 parameters associated with the distribution of RC: the
means and variances of each component of the mixture and the mixing probability. Our objective
is to compare the performance of the global and local interval instruments with the instruments
commonly used by practitioners: the differentiation instruments from Gandhi and Houde (2019)
and the “optimal instruments” from Reynaert and Verboven (2014). In Table 4, we report the
empirical biases and the square root of the MSE for the estimators of the non-linear parameters
for each set of instruments and for the different sample sizes. In Appendix D.3, we report the
same information for the linear parameters (see Tables 14, 15, and 17) as well as the distribution
of the empirical distribution of the non-linear estimates. Table 4 allows us to directly compare the
performances of the three sets of instruments in estimating the non-linear parameters. We first
observe that for all the sets of instruments, the empirical biases and v MSE of the estimators
decrease when the sample size increases, which is reassuring. Furthermore, it appears clearly that
the differentiation instruments perform worse than the ”optimal instruments” and the interval
instruments. The empirical vV MSE of the estimators with the differentiation instruments is up
to 12 times larger than with the interval instruments and up to 6 times larger than with the ”op-
timal instruments”. We reach the same conclusions when we study empirical biases. The interval
instruments appear to perform better than the ”optimal instruments” even if the difference is
less significant than with the differentiation instruments. For the sake of conciseness, we do not
report the results obtained with a mixture of 3 components but the observations we make with
two components are even more exacerbated. In Appendix D.3, as a means of comparison, we
perform the same exercise when the distribution of random coefficients is a simple Gaussian and
here, we do not observe any significant differences between the different sets of instruments, which

confirms that the interval instruments make a difference when the distribution of RCs is flexible.
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Table 4: Estimation non-linear parameters of the mixture (1000 replications)

Instruments Differentiation ”Optimal” Interval Global Interval Local
Parameter | 831 o3  Bsw  osw  pr | Bsp osp Psm osmw pr | Bsr osr Bsw osw pr | Bsr osn Psm osm pr
Sample size true -2 0.5 4 05 025 | -2 0.5 4 05 025 -2 0.5 4 05 025 | -2 0.5 4 0.5 025
Te50. =19 bias 0.214 0.184 -0.022 -0.045 0.027|0.076 0.059 0.026 -0.111 0.01 | 0.017 0  -0.045 0.004 0.005 |-0.006 -0.005 -0.039 -0.001 0.003
B VMSE |0.633 0.734 0.281 0.35 0.075|0.361 0.483 0.212 0.281 0.036 | 0.277 0.391 0.227 0.259 0.024 | 0.251 0.34 0.214 0.244 0.019
T—50. 120 bias 0.189 0.347 0.022 -0.081 0.025|0.074 0.11 0.028 -0.089 0.01 | 0.013 0.042 -0.018 -0.003 0.004 | 0.019 0.033 -0.023 0.01 0.003
o VMSE ]0.566 0.887 0.184 0.291 0.059 |0.328 0.563 0.163 0.228 0.033 | 0.248 0.415 0.166 0.22 0.021|0.228 0.38 0.15 0.184 0.018
T—100. J—12 bias 0.233 0.226 0.02 -0.066 0.027|0.054 0.037 0.019 -0.066 0.007 | 0.004 -0.012 -0.027 0.005 0.002| O 0 -0.028 0.007 0.001
I VMSE |0.592 0.703 0.256 0.305 0.072]0.279 0.4 0.154 0.211 0.028 | 0.167 0.282 0.157 0.201 0.013 | 0.127 0.225 0.143 0.164 0.005
100 130 bias 0.198 0.423 0.047 -0.101 0.025|0.074 0.107 0.033 -0.074 0.01 |-0.009 -0.005 -0.008 -0.009 0.001|-0.003 0.004 -0.01 0.004 0.001
T VMSE 0552 0.89 0.164 0.27 0.055|0.311 0.52 0.129 0.194 0.034| 0.115 0.264 0.115 0.169 0.005 | 0.104 0.226 0.103 0.125 0.004
T—200. J—12 bias 0.184 0.167 0.011 -0.049 0.019|0.026 0.011 0.021 -0.061 0.004 |-0.006 -0.027 -0.015 -0.001 0.001 | 0.002 -0.007 -0.016 0.006 0.001
T VMSE |0.466 0.601 0.176 0.262 0.053 |0.184 0.313 0.113 0.172 0.018 | 0.088 0.219 0.108 0.164 0.003 | 0.091 0.174 0.099 0.123 0.003

7 Empirical application

The objective of the empirical exercise is twofold. First, we want to

verify how well our instru-

ments perform at estimating a flexible distribution of RCs using a real data set. Second, we want
to study how the shape of the distribution of RCs can modify key counterfactual quantities such
as the price elasticities or the pass-through, and check whether the results we obtain are consistent
with the findings in Miravete et al. (2022). To do so, we estimate demand for cars using data on
new car registrations in Germany from 2012 to 2018.% There are many reasons to focus on the car
market. First, cars are highly differentiated products, which makes the BLP framework particu-
larly adapted to this market. As a result, the BLP demand model has been widely applied to study
the car industry (e.g., Berry et al. (1995), Grigolon et al. (2018), Petrin (2002)) and one can easily
compare our results with previous results obtained in the literature under different specifications.
Second, there are many policy-relevant questions related to this market. In particular, the role of
road transport in air pollution is significant and many countries have implemented tax policies to

reduce the CO2 emissions generated by car transportation.?* An important strand of the litera-

23The dataset was kindly provided to us by Kevin Remmy https://kevinremmy.com/research/.

24In 2017, road transport was responsible of approximately 19% of total greenhouse has
emissions in EU-28 Retrieved from https://www.eea.europa.eu/data-and-maps/indicators/
transport-emissions-of-greenhouse-gases/transport-emissions-of-greenhouse-gases-12 on Octo-
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ture has investigated the performance of these different taxation schemes (Alberini and Horvath
(2021), Allcott and Wozny (2014), D’Haultfeeuille, Givord, and Boutin (2014), Durrmeyer (2022),
Durrmeyer and Samano (2018), Gillingham and Houde (2021), Grigolon et al. (2018), Huse and
Koptyug (2022), Kunert (2018)). Other policy-relevant questions include the impact of import
tariffs (Miravete et al. (2018)) and the determinants of market power (Berry et al. (1995), Grieco,
Murry, and Yurukoglu (2022)). To answer these questions, the researcher must often estimate the
demand for cars. The credibility of the implied analysis depends critically on how well the model
can reproduce the underlying substitution patterns and the shape of the demand curve. To this
end, it is essential to have a demand system that is sufficiently flexible, and particularly so with
respect to the random coefficient on price. In this section, we use our instruments to estimate
a Gaussian mixture as the random coefficient associated with price. Moreover, we use our test
to assess how moving from the usual Gaussian RC to the Gaussian mixture decreases the degree
of misspecification. Finally, we compare the counterfactual quantities under a Gaussian mixture
and the traditional specifications (Gaussian RC and logit). In line with the findings in Miravete
et al. (2022), our results indicate that the Gaussian mixture yields higher pass-through rates and

curvatures.

7.1 Data

The data set includes state-level new car registrations, publicly available by the German Federal
Motor Transport Authority (KBA) from 2012 to 2018. This gives us 112 markets defined by state-
year pairs. Data on car characteristics and price are scraped from General German Automobile
Club and include horsepower, engine type, size, weight, fuel cost, CO2 emission, number of doors,
segment, and body type. The data set is at a granular level where every car is uniquely identified by
its manufacturer and its type key code (HSN/TSN) that is defined according to the characteristics
of the car. Following the literature, we aggregate products with the same brand, model, engine
type, and body combination (e.g. BMW-1 Series-Diesel-Hatchback).?® Likewise, we follow the

literature and define the market size as the number of households in the market. To construct

ber 21, 2022.
25In aggregating the products from the HSN/TSN level, we use the characteristics of the car with the highest

sales.
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market shares, we simply divide new car registrations of a given product by the market size. The
data set is complemented by information on demographics such as the number of households or

the average income per household at the state-year level and yearly average gas price data from

ADAC.*

Summary statistics. The shares of products sold by engine type are presented in Table 5.
We focus our analysis on combustion engine vehicles as in our sample period electric-vehicle cars
constitute a small market share (always less than 5% of the sold vehicles) and can be seen as a
distinct market. Between diesel and gasoline cars, we observe that the market share for diesel cars
decreases over time, starting from 2016. The timing is in line with the emissions scandal, known

as the Dieselgate, which started in September 2015.

Table 5: Shares (%) of new registrations by engine type

Year
Fuel Type 2012 2013 2014 2015 2016 2017 2018
Diesel 46.8 46.1 46.3 46.4 439 36.2 30.0
Gasoline 52.6 529 52.6 52.3 544 60.8 66.5
Battery EV 01 02 03 04 03 07 11
Hybrid EV 05 08 07 0.6 1 1.4 1.6

Plug-in hybrid EV. = 0 0 01 03 04 09 09

Table 6 provides sales-weighted averages for prices and observed characteristics. We observe
that the difference in fuel consumption and resulting fuel costs steadily ranks diesel above gasoline.
However, the average price of diesel cars sold is higher than gasoline cars. This implies a potential
trade-off in terms of the costs of car ownership at the time of purchase. With a fixed mileage in
mind, a consumer with high sensitivity to fuel costs might be willing to pay a higher price for a
more fuel-efficient car. We also observe that the horsepower and the size of the newly registered

cars increase over time.

26State level income https://ec.europa.eu/eurostat/web/products-datasets/-/nama_10r_2hhinc
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Table 6: Summary Statistics (Sales weighted)

Year

2012 2013 2014 2015 2016 2017 2018

Diesel
Price/income 0.74 072 073 072 071 069 0.68
Size (m2) 831 831 832 836 842 848 853

Horsepower (kW /100) 1.09 1.07 1.11 1.11 1.14 1.16 1.21
Fuel cost (euros/100km) 7.90 7.18 6.63 553 494 525 583
Fuel cons. (Lt./100km) 519  4.98 489 473 461 461 471
CO2 emission (g/km) 136.19 130.50 127.69 123.58 120.42 120.49 123.27

Nb. of products/market 133 138 146 150 151 149 143

Gasoline
Price/income 046 046 046 046 046 045 043
Size (m2) 7.23 7.27 7.28 7.30 7.36 7.46 7.53

Horsepower (kW /100) 0.79 0.78 0.80 0.82 0.85 0.88 0.91
Fuel cost (euros/100km) 948 861 811 727 6.69 7.06 7.40
Fuel cons. (Lt./100km) 5.76 5.47 5.40 5.31 5.25 5.34 5.38
CO2 emission (g/km) 135.80 128.18 125.27 122.89 121.22 122.86 123.26

Nb. of products/market 157 171 179 185 186 193 188

Note: Provided statistics are sales weighted averages across products. Total number of markets (State*Year) is 112 .

Inter-market variation. Our dataset contains both geographical variation and time variation,
as we observe the sales in every state in Germany over the period 2012-2018. States in Germany
differ significantly in terms of income per inhabitant, population density and average distance

driven.?”

It is fundamental to take this inter-market variation into account in our empirical
specification for two reasons. First, our model postulates that consumers’ preferences are the
same across markets. However, we observe that the market shares vary from one state to the

other even if the choice set remains the same. This feature of the data can only be explained if

2TFor the population density 2019 (inh/km?): 69 (Mecklenburg-Vorpommern) to 4118 (Berlin) (from Fed-
eral Statistical Office of Germany (Destatis)), GDP per capita 2019: 28.9k (Mecklenburg-Vorpommern) to 67k
(Hamburg) (retrieved from https://www.ceicdata.com/en/germany/esa-2010-gdp-per-capita-by-region/
gdp-per-capita-bremen on 05 November 2022). For average driving distance in 2019: 13079 km (Mecklenburg-
Vorpommern) to 9531 (Berlin) retrieved from https://de.statista.com/statistik/daten/studie/644381/
umfrage/fahrleistung-privater-pkw-in-deutschland-nach-bundesland/ on 19 September 2022.
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we let the preferences vary from one market to the other. Second, in Section 2.3, we saw that
there needs to be sufficient variation in the product characteristics across markets to identify the
distribution of RCs. By interacting product characteristics with state demographics, we achieve
both objectives: we shift the preferences to a more common representation and we create variation
in the product characteristics across markets. To choose which interaction terms to include in the
utility function, we first create market specific sales-weighted characteristics for the following
variables: price, fuel cost, size, horsepower, height, gasoline dummy, and foreign dummy (equal
to one if the manufacturer of the car is not German). Then, we regress these quantities on the
demographics of interest: average income, population density, and a time trend. Last, we select
the interaction terms that explain the best the variation in sales-weighted characteristics (namely,
the variables with a p-value below 1e71%). The results of these regressions are presented in Table
7. They suggest that income shifts positively the preferences for price, size, and horsepower (i.e.
higher income is associated with larger cars, and higher horsepower). In contrast, income shifts
negatively the preferences for foreign status, height, and gasoline status.?® Although weaker, a

similar pattern is observed for the effect of population density on car characteristics.

Table 7: Linear regressions of sales-weighted car characteristics on demographic characteristics

Income(/1000) |Population density (/100) | Time trend
Price(x1000) 0.138* 0.069* 0.286*
(0.013) (0.011) (0.059)
Fuel cost (euros/100km) -0.0069 -0.0036 0.3587**
(0.0063) (0.0056) (0.0296)
Size(m?) 0.0058** 0.0018* 0.0176*
(0.00079) (0.00070) (0.00371)
Horsepower (KW/100) 0.0028** 0.0012* 0.0129**
(0.00028) (0.00025) (0.00132)
Foreign —0.0050** —0.0014* 0.0295**
(0.00052) (0.00046) (0.00246)
Height(m) —0.00051** —0.00043** 0.00181*
(0.000061) (0.000054) (0.000286)
Gasoline —0.0067** —0.0024* 0.0131*
(0.00059) (0.00053) (0.00280)

Note: * p-value lower than 0.01, ** p-value lower than 1e—10.

28In the main analysis, we use price/income to capture the income effect.
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Instruments for the endogeneity of price. To instrument for price, we use a combination of
variables on the intensity of competition and cost shifters. To measure the intensity of competition,
we consider the number of competing products of the same class and engine type in a given market,
and the number of competing products of the same engine type in a given market. As for cost
shifters, we use three complementary datasets: the mean hourly labor cost, the price of steel
(interacted with the weight of the car), and exchange rates between Germany and the country of

assembly:.

1. Labor cost: we use the mean nominal hourly labor cost per employee in the manufactur-
ing sector of the country of assembly of the models. The data on labor costs come from

International Labor Organization Statistics (ILOSTAT).*
2. Price of steel: we collect the price of steel futures in January of each year.

3. Exchange rates: we construct the exchange rates between Germany and the country of

assembly of each car model using exchange rate data from OECD.?°

7.2 Empirical specification

The indirect utility of consumer ¢, purchasing product j in market ¢ (defined as a state-year pair)
is given by:
Uit = l’lljtﬁ + 5;} +5El2jta/i + Eijt-
———
6jt

The mean utility 6;; = a:’ljtﬂ + &, captures homogeneous preferences. The variables in zy;; consist
of the product characteristics for which we assume that there is no preference heterogeneity and
the interaction terms that explain the best the geographical variation observed in Table 7.3!

The demand shock on product j is decomposed as follows:

g;ft = Brand; + State, + Year; + &,

29Retrieved from https://www.ilo.org/ilostat-files/Documents/Excel/INDICATOR/LAC_4HRL_ECO_CUR_

NB_A_EN.x1sx
30Retrieved from https://data.oecd.org/conversion/exchange-rates.htm
31The choice of the variables that display preference heterogeneity is based on our understanding of the car market

and follows current empirical practices for this specific market. However, we understand the limitations of this
approach, and we are working on an iterative procedure to select the variables that display consumer heterogeneity.
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where Brand, is a brand fixed effect that captures the unobserved quality of the brand of product
7, State; captures state specific demand shocks that are fixed across time and products and Year;
captures year-specific demand shocks. Therefore, State; and Year; play a role in explaining the

variation in the overall demand for cars (or equivalently, in the share of the outside option).

The variables in w5; are the product characteristics that display preference heterogeneity and
which we augment with a RC. In our specification, we include the price, the size, and the gasoline
dummy in zy;. We estimate the model assuming different specifications for the distribution of
RCs. First, we estimate the model without any consumer heterogeneity. Second, we assume that
all the RCs are normally distributed. Finally, we consider a Gaussian mixture on price to increase
flexibility with respect to the preferences on price. For each different specification, we perform the
specification test developed in Section 5 to see how the degree of misspecification evolves as we

increase flexibility on the distribution of RCs.

7.3 Estimation

Estimation conditional logit (no heterogeneity). First, we estimate the logit model, and
we report the results in Table 8.2 As expected, we find a negative effect of price and fuel cost on
the utility. The interaction terms indicate that the utility derived from size, horsepower, foreign
status and gasoline all decrease with income. Moreover, we observe that the aversion to fuel
cost decreases over time, which is likely an artifact implied by increasing fuel cost over the years.
In contrast, the utility derived from horsepower appears to increase with time. However, these
time effects are smaller in comparison with the heterogeneity due to income. To facilitate the
interpretation of these results, we consider a household with a €47,000 income in 2018. This
corresponds to the mean income in 2018. For this household, the implied effect of size on the
utility is negative, whereas a positive utility is derived from higher horsepower, the car’s brand

being German, height, and gasoline engines.

32In Appendix E, we provide results for baseline specifications including the simple conditional logit and the
nested logit (with and without state and year fixed effects).
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Table 8: Logit estimation

Baseline x Income (/1000) | x Pop. density(/100) | x Time trend
Homogeneous Preferences B S.E B S.E B S.E /3 S.E
Price/income -24  1.3e-01 - - - - - -
Fuel Cost -0.25 8.6e-03 - - - - 0.014 1.7e-03
Size(m?) 0.15 4.2e-02 | -0.0055  8.5e-04 - - - -
Horsepower(KW/100) 2.7  1.8e-01 | -0.019 2.4e-03 - - -0.081  7e-03
Foreign 0.18 7.1e-02 | -0.017 1.4e-03 - - - -
Height(m) 3.5 2.3e-01 |-0.0015  4.6e-03 | -0.036 4.7e-03 - -
Gasoline 1.1  6.3e-02 | -0.011 1.2e-03 - - - -

Note: Brand, Year and State FE’s are included.

Estimation with Gaussian random coefficients. We now increase the flexibility in the tra-
ditional manner, by assuming that the RCs on the price, the size and the gasoline indicator follow
a Gaussian distribution. We report the estimates obtained under this new specification in Table 9.
The signs for the homogeneous preference parameters in x1;; remain the same and the magnitude
of the effects do not change significantly. The sign associated with the mean effect of price remains
negative. In contrast, the sign on the mean effects of the size and the gasoline dummy are inverted
with respect to the logit specification. This last observation illustrates an important empirical
finding: average effects are not invariant to the introduction of preference heterogeneity. In other
words, the logit estimates do not necessarily match the means, when we introduce a Gaussian RC.
Moreover, the three RCs display high variances and particularly so for the gasoline dummy, which

indicate a high level of heterogeneity with respect to these three characteristics.?

33The estimation is performed using the parametrization proposed in Ketz (2019), which avoids boundary issues
at 0 for the variances of the RCs.
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Table 9: Traditional BLP (Gaussian RC)

Baseline x Income (/1000) | x Pop. density(/100) | x Time trend
Homogeneous Preferences B S.E B S.E B S.E B S.E

Price/income - - - - -

Fuel Cost -0.29  5.1e-03 - - - 0.031  9.2e-04
Size(m?) - -0.0053  3.1e-04 - -

Horsepower(KW/100) 0.77 1.5e-02 | 0.0078 6.8e-04 - -0.12  5.6e-03
Foreign 0.21 5.4e-02 | -0.019 1.1e-03 - -
Height(m) 3.4 1.1e-02 | -0.0088 1.2e-03 | -0.032 3.6e-04 -
Gasoline - -0.0028 8.6e-04 - -

Gaussian RC B S.E o S.E

Price/income -24  2e-02 0.96 5.9¢-03 - -
Size(m?) -0.37 1.5e-02 | 0.43 3.6e-03 - -
Gasoline -2.3 4.4e-02 4 4.1e-04 - -

Note: Brand, Year and State FE’s are included.
Estimation with a Gaussian mixture on the price. Finally, we increase the flexibility
of the model, by replacing the Gaussian RC on the price variable with a Gaussian mixture of 2
components. We focus on the price as the literature shows that the distribution of price sensitivity
is absolutely key for many quantities of interest in IO, including the price elasticities and the
pass-through. We report the estimates obtained under this new specification in Table 10. The
results point out the presence of two distinct modes in the distribution of the RC associated with
price. The two modes reveal the presence of two groups of consumers: the first one with high
price sensitivity (with the mean component at -9.6) and the second one with low price sensitivity
(with the mean component at -2.5). Moreover, the distribution is heavily asymmetric with the
probability of the first mode being 0.9, which entails that the majority of consumers are highly
sensitive to price. This last feature is completely absent in the logit and Gaussian specifications,
which seem to capture only the first mode of the distribution as we can see in Figure 6. Once again
the homogeneous parameters are relatively unchanged with respect to the previous specifications.

The Gaussian RC on the gasoline still displays a high variance (the standard deviation of the RC
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equals 2.8).

Table 10: Estimation Gaussian mixture on Price

Baseline x Income (/1000) | x Pop. density(/100) | x Time trend
Homogeneous Preferences 8 S.E i S.E i S.E i S.E
Price/income - - - - - - - -
Fuel Cost -0.23  5.8e-03 - - - - 0.026  1e-03
Size(m?) - - -0.0055  3.7e-04 - - - -
Horsepower(KW/100) 1.8 3.6e-02 | -0.0016 1.1e-03 - - -0.1 7e-03
Foreign 0.26 6.1e-02 | -0.021 1.2e-03 - - - -
Height(m) 3.5 1l.1le-02 | -0.012 1.2e-03 | -0.032 3.7e-04 - -
Gasoline - - -0.026 1.3e-03 - - - -
Gaussian RC B SE 6 S.E
Size(m?) 05 1.9e-02| 0.1 6.7e-02 - - - -
Gasoline -0.45  3.8e-03 2.8 9.1e-03 - - - -
Gaussian Mixture Bl S.E o1 S.E Bg S.E 09 S.E
Price/income -9.6  1.8e-02 0.1 1.8e-03 -2.5 1.8e-02 0.35  5.2e-04
Probability 0.9 6.8e-05

Note: Brand, Year and State FE’s are included.

In Figure 6, we plot the estimated distribution of random coefficients under the three spec-
ifications we consider. We observe little to no variation in the homogeneous parameters from
one specification to the other. The main difference comes from the introduction of the Gaussian

mixture on price, which reveals the presence of a large group of highly price sensitive consumers.
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Figure 6: Estimated distributions of RCs in the three specifications
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Specification Test. By increasing the flexibility on the distribution of RCs, we recover less
precise estimates and the model becomes more difficult to estimate. Thus, it is important to show
that the additional flexibility substantially reduces the misspecification of the model. To quantify
the degree of misspecification accross the different models, we keep the same set of estimation
instruments across the different specifications of RCs and we report the value of the associated
Sargan-Hansen J statistics in each case. Moreover, for every model, we follow the procedure
developed in Section 5 to test if the distribution of RCs on price is well specified. We use the
global interval instruments and we denote this test “Interval test”. We report the values of the
test statistics and the degrees of freedom of the chi-square under the null in Table 11. We observe
an important decrease in the Sargan-Hansen J statistic when we transition from the logit to the
Gaussian RC. However, the decrease in the Sargan-Hansen J statistic is much larger when we
transition from the Gaussian RC on price to the Gaussian mixture, which indicates that the
Gaussian mixture performs much better than the simple Gaussian at capturing the underlying
heterogeneity in price sensitivity. The interval test displays a similar behavior, with the largest

decrease in the test statistic stemming from the transition from the Gaussian RC to the Gaussian
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mixture.

Table 11: Evolution of misspecification with flexibility

Instruments Logit Gaussian RC Gaussian mixture
Test Stat.  Critical val. DF | Stat. Critical val. DF | Stat. Critical val. DF
J test 2755.7 40.1 27 | 2341.7 36.4 24 | 950.3 33.9 21

Interval test | 1331.9 14.1 7 999.4 14.1 7 |244.0 14.1 7

7.4 Counterfactual quantities

The objective of this subsection is to illustrate how changes in the distribution of the RC associated
with price affect many counterfactual quantities of interest in empirical 10, such as the price
elasticities, the marginal costs faced by car manufacturers, and the pass-through of cost. In order
to compare our empirical results with the findings in Miravete et al. (2022), we also calculate the
demand curvature under the different specifications. They show that a large demand curvature is
necessary to recover a pass-through larger than one.

In the following, we study the effect of different specifications on the price elasticities, demand
curvature, marginal costs and mark-ups, and finally on the pass-through. To recover marginal
costs and mark-ups, we assume that multi-product firms pricing under Bertrand-Nash pricing.
For the pass-through, we calculate the new equilibrium prices using fixed point iterations and,
following the literature, study the effect of increasing the marginal costs of each product by 1%
and recomputing the marginal cost. In Appendix E, we provide details on the calculation of
counterfactual quantities. In our computations, we use the year 2018, which is the last year of our

sample.

Summary of results. We report the median values for the five counterfactual quantities of
interest in Table 12. Several remarks are in order. First, the Gaussian mixture yields a much
lower price elasticity than the two other specifications. This is related to the emergence of a group
of highly price sensitive consumers in the mixture specification, which we fail to detect with the
logit and Gaussian RC specifications. Moreover, the low price elasticities that we recover in the

Gaussian and logit specifications, generate unreasonably low marginal costs (even negative ones
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as we can see in Figure 7) and excessive mark-ups. In contrast, this problem does not appear
with the Gaussian mixture. Finally, to link our results with the findings in Miravete et al. (2022),
we now focus on the demand curvature and the pass-through of cost. As expected, the logit
displays a curvature and a pass-through equal to 1. In contrast, we can see that the Gaussian
mixture displays a larger demand curvature than the other two specifications. This comes from
the skewness that the mixture induces in the distribution of price sensitivity. This last feature
implies that the Gaussian mixture yields a pass-through much greater than 1 (1.5 on average).
Unfortunately, the negative marginal costs we recover with the Gaussian RC prevent us from

computing the pass-through in this case.®*

Table 12: Median counterfactual quantities under different specifications on RCs

RC distribution on price Logit Gaussian Gaussian Mixture
Own price-elasticity -1.2 -1.1 -2.6
Demand curvature 1.0 1.2 1.3

Marginal cost 9,366 1,929 20,105
Mark-up 24,048 29,572 11,066
Pass-through 1.0 - 1.5

In Figure 7, we plot the empirical distributions of the counterfactual quantities. We can see
in the plot featuring the distribution of marginal costs that the logit and Gaussian specifications
generate negative marginal costs for some of the cars. This is an indication that the price elasticities

implied by these specifications are too low in absolute value.

340ur algorithm to compute the new equilibrium prices after the change in cost does not converge.
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Figure 7: Empirical distribution of counterfactual quantities under different specifications
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Finally, in Figure 8, we plot the elasticity functions implied by the different specifications for
the 15 most popular cars in our sample. We observe important differences in the elasticities. The
Gaussian mixture generates lower price elasticities than the other two specifications. We do the

same exercise with the demand curves in Appendix E.
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In this paper, we develop novel econometric tools to parsimoniously increase the flexibility of the
distribution of random coefficients in the BLP demand model initiated by Berry et al. (1995).
Specifically, we construct novel instruments designed to detect deviations from the true distribu-
tion of random coefficients. Building on these instruments, we provide a formal moment-based
specification test on the distribution of random coefficients, which allows researchers to test the
chosen specification without having to re-estimate the model under a more flexible parametriza-

tion. Our instruments are designed to maximize the power of the test when the distribution of



RC is misspecified. By exploiting the duality between estimation and testing, we show that these
instruments can also improve the estimation of the BLP model under a flexible parametrization.
Our Monte Carlo simulations confirm that the interval instruments we develop in this paper out-
perform the traditional instruments both for testing and estimating purposes. Finally, we apply
these new tools to flexibly estimate the demand for cars in Germany. We show that these tools

can be applied to the equally popular mixed logit demand model with individual-level data.

In future work, we plan to see if we can generalize these instruments to other non-linear
moment-based models, as well as to the general problem of testing distributional assumptions in
structural models. From a broader perspective, our paper is part of an existent discussion on
the most effective way to model unobserved preference heterogeneity in structural models. Most
empirical frameworks feature a clear trade-off between the degree of flexibility one chooses and
the precision of the estimates one obtains. It is thus critical to understand how misspecification
on the unobserved heterogeneity affects the counterfactual quantities of interest. In the case of
the BLP demand model, our paper and others show that misspecification in the distribution of
random coefficients substantially distorts the substitution patterns as well as the shape of the

demand curve and, thus, is likely to significantly alter the counterfactual quantities.
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Appendices

A Extension to the mixed logit demand model

The main difference between the BLP demand model and the mixed logit model is that the
latter one assumes that the econometrician observes individual data. Let us consider the baseline
mixed logit model with no endogeneity and consumer level data.?® We observe the choices of N

consumers. The indirect utility function of consumer ¢ making choice j € {0,1, ..., J} is given by:

/ /
Uiy = ifujﬁo + Tg;Vi + Eij, (12)
where

e ¢;; is a preference shock that follows a type I extreme value distribution independent of all

other variables and across 1, 7;

e 1y;; is a vector of product characteristics interacted with consumer characteristics of dimen-

sion K which display no preference heterogeneity;

® 1y is a vector of product characteristics interacted with consumer characteristics of dimen-

sion Ky which display preference heterogeneity;

e v; is a vector of random coefficients of dimension K5 which jointly follows a distribution

characterized by a density f;

Each consumer chooses the product that maximizes his or her utility. For any couple ( 1, 5),

demand for product j from consumer ¢ writes:

Vi# 0, pili f,B) = / exp{2y;5 + 23,0}

- - f(v)dv. (13)
RE2 1 4% 0 | exp {xlukﬁ + 95/2@1#’}

For the outside option, we have:
. z = 1 P

for j =0, pylan f.5) = [ . : Fw)dv. (14)

RE2 143 ) exp {fukﬁ + xlzzkv}

35In the mixed logit case, the absence of endogenous variables is not an unrealistic assumption as the econo-

metrician can always model unobserved product quality by incorporating product fixed effects into the utility

function.
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Structural error. As we did in the case of the BLP demand model, we can define the structural
error generated by (5, f ) as follows. Let y;; equal to 1 if individual ¢ chooses good j =0,1,...,J,
the structural error writes:
&i(f,B) = yig — ps(a, B, f)-
By construction, at the true (f, 8), we have E[&;;(5, f)|zi] = Elyi;|zi] —pj(xi, B, f) = 0 a.s..The

notation x; refers to () =1,

Most powerful instrument and approximations. As in the aggregate demand model, we
want to derive the instruments with the greatest ability to detect misspecification in the distribu-
tion of RCs. Given that the model displays no endogeneity, the set of exogenous variables is simply
x;. Our objective is to find the functions of z;, which provides the most detection power against
a wrong distribution. With this objective in mind, we consider a situation where the econometri-
cian has a candidate (fy, 8y) and wants to test Hy : (f,3) = (fo, Bo) against H, : (f, 3) # (fo, Po).
We proceed as in the BLP case and we derive the instrument that maximizes the power of the
associated moment based test. Second, we propose feasible approximations of the MPI that do

not depend on the fixed alternative.

For any set of testing instruments hp(x;), we have the following implication:

Ho: (f,8) = (fo.60) = Hpy: Elhp(x:)&;(fo, fo)] = 0.

We propose to test Hy indirectly through its implication Hj, which is a set of unconditional

moment conditions. We test H/, with a moment-based test and the test statistic writes as follows:

-1

| A
SN(hD,fO,ﬁo) =NJ (N—Jizjfij(foﬁo)hD(ﬂUi)) Qo (N—Jizjfij(f0>5o)hD(l’i)> ) (15)

with € a consistent estimator of Qy the asymptotic variance-covariance matrix of ﬁ ZZ ;& (fo, Bo)hp(x:)

under Hy:
_ 1 1 /
0 =E [(ﬁ Z &i(fos &)hD(xi)) (ﬁ Z &i( fo, ﬁo)%(f@)) ] :
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Assuming that (x;,y;) are ii.d. across individuals and consistent with the probability model
defined by equations (12,13, 14) evaluated at (f, 3), E[||&:;(fo, Bo)hp(z:)|]?] < +o0, and Qg has full

rank, we can show:

d

2
—
Totoo Xlnlo?

e under Hy : (f,8) = (fo, fo), Sx(hp, fo, Bo)

o under H) : E[hp(z;)&i(fo, Bo)] # O, Vg e RT, P(Sn(hp; fo. o) > q) T:)OO 1,

with | - |p being the counting norm. The proof is almost identical to the proof of Proposition 2
and thus, we omit it. Following the same steps as the proof of Proposition 3, the expression for

the Most Powerful Instrument (that maximizes the slope of the test) writes:

h*D(*IZ) = E[&Z](f()v 50)2|xi]_1A(mi7 an 60a fav ﬂa)a
where each component j of the correction term A(x;, fo, Bo, fa, Ba) Writes:

A(zia fO: ﬁ()a fa7 Ba)j = pj(x’h ﬁOa fO) - /)j (xh Ba: fa)

exp{’;fBa + Thv}
:/ pj(xinO?fO)_ J = ’ = ’ fG’(U)'
R L+ o exp i Ba + 2,0}

Several remarks are in order. First, contrary to the BLP case, the correction term Aﬁ{a is
a function of the exogenous variables x;, and thus we don’t need to compute its conditional
expectation as in the BLP model. The conditional variance term can be estimated, even if it is
challenging in practice. For the sake of exposition, we drop this term in the rest of the analysis.
As we did for the BLP case, we propose two feasible approximations of the MPI, which don’t

require the knowledge (f,, f,) and, which can be computed in practice.

e Local approximation. First, we provide a local approximation, which is accurate when
fo is close to the true density f,. To derive this local approximation, we need to impose
additional restrictions on Sy and 8, so that ||8. — Boll = O (fgxs |fo(v) — fa(v)|dv). This is
the purpose of Assumption 1
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Assumption 1. We assume that f, = G and 5, = B} where (5, 8:) are both pseudo
true values, which maximize the conditional expectation of their respective population log-

likelihoods. Namely,

J
53 = a{.gmaxE[L(xivyiyga.]%)‘xi} with L(gjia/yiagvf()) = Zl{yz] - 1}10g(p](x1757f0))
BGRKl =0
~ ~ J ~
B; = argmax E[L(x;,yi, B, fa)|ai] with Lz, i, 8, fa) = > H{us; = 1}log(p; (@i, B, fa))
ﬂERKl =0

Now we can derive the following first order approximation of the Aj(x;, fo, Bo, fa, B.) around

Jo-

Proposition 7.
Under Assumption 1, a first order expansion of A;(z;, fo, Bo, fa, Ba) around fo writes:

eXp{xllijﬁo + xIQijU} opj(xi, B, fa)
A. i’ b b as a - - a d - = a_ R
(o fosfonfunfi) = [ ST ey o)~ a5, o)+ Ry

with Ro = 0 (fur, [fo(v) = fa(v)|dv).

The proof is in Appendix B. Building on this approximation, we can discretize the integrals

as we did in the BLP case to circumvent the fact that we do not know f,.

1+ Ziﬂ exp {7, 80 + o}

/

- - I
B (w0 fo, fall) 3 ou(fe) [pj(xi,ﬁo,fw SRS BT T ]
=1

—
m1,5,0(x:)

+ iwgz(f ) 9 { exp{ai;fo + wy;5vi} }
a J )
=1 9B | 1+ > e €xXP {200 + 201}

N J/
-~

79,5,1 (1)

with {v;};=1.. 1 L points chosen in the domain of definition of f,, and @;(f,) the unknown

weights associated with each point. The local interval instruments, in the mixed logit case,

write: (my,(2;), m2.5.(2:)).
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e Global approximation. As we did, in the BLP case, we can also write a global approxi-
mation of the corection term. To do so, we replace the unknown [, by a known substitute
Bo.%% To circumvent the fact that f, is unknown, we replace the integral with a finite sum.

Namely, we have:

eXp{xllijﬁo + xéijvl}
1+ Z/i:l exp {780 + o v}

-~

L
E[Aj(xw f07fa)’xi] ~ Zwl Pj(fb’i;ﬁoa fO) -
=1

.

7j0(x4)
with {v },=1, 1 L points chosen in the support of f,, and w;(f,) the unknown weights

associated with each point. The local interval instruments, in the mixed logit case, write:

(T150(x))

Composite hypothesis. In practice, as in the BLP model, the researcher must make a para-
metric assumption on the distribution of random coefficients to estimate the model. Formally,
the econometrician assumes f belongs to a parametric family Fy = {fo(-|A) : A € Ao}, where
is a parameter that must be estimated. In applied work, researchers typically assume that f is
normally distributed. The researcher may be interested in testing the validity of the specification.
The mixed logit is often estimated by conditional MLE. To test the validity of the specification, the
research must follow the same steps as the ones highlighted in Section 5. First, the researcher must
estimate a pseudo-true value 6y = (35, \)" € R/l which maximizes the conditional expectation

of their respective population log-likelihoods under Hy : f € Fy. Namely:

J
0o = argmaXE[L(xi,yi,B, f0(|5\))‘ml} with L(zi, vi, 5, fo(-|\) = Z 1{yi; = 1}1og(p;(xs, B, fo(-|\))

Next, we test Hj) : E[hp(z:)&;(fo(-|1\), Bo)] = 0 with the moment based test exhibited above.
To derive the asymptotic distribution of Sy(hp, fo(-|;\, B), we must now take into account the
parameter uncertainty stemming from the first stage estimation. As in the BLP demand model,

the integrals must be numerically computed to recover the theoretical probabilities implied by

36in our simulations, we find that the homogeneous parameters are usually close to each other even when the

distributions are somewhat distant from each other.
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the model, and compute the conditional likelihood. Thus, one must also take into account the

numerical approximations in the derivation of the asymptotic distribution.

B Proofs

B.1 Identification

In this subsection, we prove that under Assumption A, the distribution of random coefficients f

is non-parametrically point identified.

Proof. Proof of Proposition 1

We want to show that under Assumptions A, the following implication holds:

(.]Eaé):(f7ﬁ) — E[&jt(.faéﬂzjt]zoa.s.

— E p}l(stht’f) _xlljté

zjt] =0a.s..

Step 1: First, we show that for any random permutation of indexes j — j’, the following
equivalence holds:

E[&i]ze) =0 a.s. <= E[&t]|zjn] =0 a.s. V5.

As the new indexation is done exogenously, we have for any j':
E[ﬁ]t(fa B)|Z]t] = E[gjt(fv B)|Z]t7] — ],] = I]@[é.]lt(f’ B)|Z]’t} a.s.,
with j — j' indicates index j has been changed into j’. Consequently, we have:

El&i(f. B)|zj]] =0 as. <= Vj g@[ijxf,@ﬂzﬂ] =0 a.s.

This last equivalence allows us to come back to the exogeneity condition assumed in Berry
and Haile (2014) and in Wang (2022): Vk, E [{ﬁ}zﬁ,j = k] = 0 a.s.. The only difference being
that here j' is determined completely randomly. Intuitively, the exogeneity condition required
for non-parametric identification of the demand functions is stronger than the one needed for the

non-parametric identification of the distribution of RC.
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Step 2: We now need to show the following equivalence:

(f’ B) = (f7 B) — Vj/, I][?[gj’t(f7 B)|Zj’t] =0a.s.

Given the random permutation j — j', which is market dependent, we must redefine our matrices
and vectors as follows: &; = Mz, with (M), = 1{i = ji, k = j;}. Likewise §; = M;s;. M, is a

random matrix. It is straight forward to show the direct implication.

]'/

(F.B)=(£.8) — V. E[p;f(ét,aezt,f) o

Zj’t} = I]@[fj’t(f, B)|z] =0 a.s.

The reverse implication is much more intricate to prove and we will exploit other results in the

literature. We want to show:

(f.B) # (f.8) = 3§

E |:pj_’1(§t7 il?t; f) - 'Z%/ljt/é

j/

zj/t} = (0 a.s. does not hold.

Case 1: First, let us assume that f = f and j3 = [, then we have:

Pil(g’ta T, f) - iltﬁ = \Pfl<§t, Toy, f) - xltﬂj‘i‘ilt(ﬁ - 5)

-~

&(f.8)

By assumption, we have: P(x),z1; dp) > 0. M, is symmetric, idempotent and full rank. As a

consequence,

P(#,#1 dp) = P(2,Myxy, dp) = P(x},x1; dp) >0
Therefore, we have V v # 0 € RE,
P(v&),81y > 0) > P(#,,21, dp) >0 <= P(||y7|* >0) >0
= P(iy #0) >0

Thus, 35" | ;,(8 — ) = 0 a.s. does not hold. To conclude, there exists j' such that:

E@[ﬂ}l(@, Bty f) — 2Bl 2] = E@[fj't(f, B)|zjrt] + I]E}[wlljft(ﬁ — B)|zjn]
N -— 7/ -~ s
=0 = 0 a.s does not hold from the completeness
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Case 2: Now let us assume that f # f and we want to show that V3 € R¥, 35’ such that:

I@ p;l(gh '1%21% f) - xllj’t/B
J

zjt] =0 a.s. does not hold.

First, let us observe that Vj’,

E@[P;l@t, Tot, f)_xllj’tg‘zj’t} = ]]},-‘;«[fj't(f, 5)‘?«’;‘%] ﬂg [pj_/l(gta Toy, f)_pj_'l(gty Toy, f)_xaj’t(g_ﬁ)lzj’t] .

J/

-0
As a consequence, we need to show that 3j” such that E pj_,l(ét,:i“gt, f) — pj_,l(ét,igt, f) —
J/

x’lj,t(ﬁ~ — B)| = 0 a.s. does not hold. From the completeness condition, a sufficient condition is:

35’ such that p,' (3¢, Za, f) - 5 (84, &ar, ) — 2;,(B — B) = 0 a.s. does not hold.

Let v = (8 — 3). By contradiction, it can be easily be shown that p(d;, o, f) — p(0; +
Eyy, B, f) 0 = 3§ pj’,l(ét,fcgt, f) # p;l(ét,ii'zt, )+ @1 Indeed, assume that 00y, &g, f)—
p(O421¢y, Zoy, f) # 0 and V5’ P (8e, Tat, = pi (84, &ae, f)+~'w151. Then, we have: p(p~ (8¢, o, f), o, f) =
p(p (50, B, f) + E107, Zors f) = p(Oy 4 ey, &a, ) # p(8y, &t ) = 8. Therefore, we have a con-

tradiction.

Hence, the next step is to show that Vv, f # f = p(0¢, Zar, fo) — p(8; + 107, Zor, f) = 0 a.s.
does not hold.

To this end, we are going to exploit the identification result shown by Wang (2022). Following
the notations in this paper, we define p; = &1, + Zov; = &yv with v; = ([, v;). Here I' is a
degenerate random variable characterized by constant ¢ such that P(I' = ¢) = 1. Let G ;, the
distribution of y;|#; under fT = (¢ =0, f) and Gz, the distribution of y;|Z; under fi=(c=7,f).
The following result is shown in Wang (2022): for any z; € Supp(i;),

35" | pj/(&,Gmft) — pj/(&,Gm%t) =0onopenset D C R/ = G G

plEe = Yz

Thanks to the real analytic property of the demand functions p, Wang (2022) does not require a

full support assumption on o
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Fix the value of %, as follows: #; = M,Z; = 2,;.By assumption, there exists 7, € Supp(zy)
such that #/7, is dp and &; = 71,3 + & varies on an open set D almost surely. These properties
naturally transmit to 2;Now. The chosen permutation M, doesn’t matter. Given the result in
Wang (2022), in order to prove that p(gt, Tor, fo) — p(& + Z17y, Tat, f) = 0 a.s. does not hold, we
just need to prove that Vv, f # f — G5, # Gz, By definition (see assumption A (iv)),
f#f = F* eRF F(v*) # F(v*). Take 2* = (0k,, To0*) = 7, (0g,, v*)":

Gz (27) = Payv; < o'l = 1) = P((w)my) ' 2la,v < (2ha) 03O, , v*) |2y = 24).

= (1k,, P(vi S v'lwy = 20)) = (1i,, F(07))
The last equality comes from independence of v; and z;. Likewise, Gz, (z*) = (1{y > 0}, F(v))
Therefore, 3x*, Vy G5, (7*) # G5, (z*). Following the result in Wang (2022), we have that
for all v € RE1, p(gt,igt, f) — p(& - ilt%@gt,f) = 0 a.s. does not hold, which in turn implies
that for all v € R¥1, 35 pj_1(§t, o, f) — p; (8¢, Zar, f) + #5177 = 0 a.s. does not hold.
To conclude: V3 € R¥, there exists j/ such that:

p;1<§t7£2t7 f) - p;1(§t7'%2t7 f) - xllj/t(B - B) =0 a.s. does not h01d7

which is what we wanted to show.

In Section 5, we used the following equivalence between the composite hypothesis and the

pseudo-true value to construct the specification test.

Corollary 2.1. Under Assumption A, and assume hg(z;;) and W are such that the pseudo-true

value 6, is unique, then we have:

Hy: feFy < Ho:(f,8)=(fo(-|N),5o)-

Proof. Proof of Corollary 2.1

Let us assume that under specification Fy, instruments hg(z;;) and weighting matrix W , the

pseudo true value is unique.
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e Under Hy : f € Fy and there exists A such that f = fy(-|\). By the mean independence

assumption on the unobserved quality &, we have at the true 6 = (5, \):
Ei(fo(IN), B) = pj (s, ar, fo([N) = 2158 = & == E[(&e(fo(-[A), B)hm(z0)] = 0.
Thus, 6 is solution to the previous minimization problem and as the solution is unique:

90 =0. As a consequence, éjt(f(](-‘)\O); ﬁo)) = é-jt and ]E[gjt(f0<-’)\0)a B0>|th] =0 a.s..

e Under an alternative specification: f ¢ Fy, we know from the Proposition 1 that Ve = (BN , 5\),

E|p; " (st @ar, fo(-|X) — 25,8

zjt} = 0 a.s. does not hold.

In particular, the last equation doesn’t hold at the true value 6 = 6,.

B.2 Detecting misspecification: the most powerful instrument

Proof of Proposition 2.

e Under Hy : (f,8) = (fo, Bo). By assumption, the data arei.i.d. across markets, E[||£;:(fo, Bo)hp(20)]|?] =
%E[Zjﬂffjt(fo,Bo)hp(zjt)HQ] < +o00, the CLT applies:

\/— Z hp(zt)€5¢(fo, Bo) = \/— Z ho (¢ £Jt N0, QO)?

(% ZhD(th)fjt> ( Z (2t §Jt> ]

J
1
= jE Zh[) Zjt) Yap( z]t ZZ th Vhp (Zket §gt§kt]

Lj=1

with:

= -E ZhD Zit)hp(230) €

Lj=1
=E [hp(zje)hp(z0)'€]]
= QO.

k]

7

ZZE hp(zjt)hp(zke) E [5jt§kt|zjt,zktl
k#j

~
.71 =0
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Third line comes from &j; L &|z. By assumption, €y has a full rank. Thus, we have by

the CMT:

Sl fo, o) = T7 (Tij ;@t(ﬁ),ﬁo)hp(zﬁ)) o' (Tij >l ﬁo>hp(zjt>) 5

—+00

e Under H, : E[hp(zjt)&i(fo,B0)] # 0. The data are i.i.d. across markets, by the law of
large numbers: TLJZ].J hp(z1)&t( fo, Bo) L E [%} > hD(zjt)ﬁjt(fo,Bg)} It follows by the

continuous mapping theorem:

/

ST(h’DameU) 5 Qo_lE

= JE % Z hp(2j1)&t(fo, Bo)

% Z hp(zjt)&5e( fo, /30)]

= JE [hp(25¢)&i( fo, B0)) Q5 'E (o (25¢)&5¢(fo, Bo)]

&(hp,fo,50)

Under H], x(hp, fo, Bo) is strictly positive because €2 is positive definite. Thence,

Vg e R, lim P(Sr(hp, fo.Bo) >q) = lim P (S(hD’ fo. Bo) — 4 > 0)
T—00 T—00 T

= P(Jk(hp, fo, Bo) > 0)

=1,

where the second equality holds because convergence in probability implies convergence in distri-

bution.

Proof of Proposition 3. To shorten notations, let &0 = &1 (fo(-|Xo), Bo), &jta = Eji(fa, Ba) and &
and &, their stacked versions over j. Likewise, we define hp(z;) = (hp(21¢), ..., Ap(25¢))’. Under
H,: (f, ) = (fa, Ba), the asymptotic slope of the test writes:

chp (fasBa) = E (Z fjtohmzﬁ)) E ((Z 5ﬁohD<zﬁ>) (Z éj/tohD(zjfo) )

= E(&ohp(2))E(hp(2) &0 () E(hp(2t) o)
E(AS, hp(z2))E(hp(2) E(éwéiolz)hp(z))  E(hp (z) A%,).

-1

E (Z fjtohD(th))
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Third line comes from E(Agfa/hD(zt)) =E((&0 — &a)'hp(20)) = E(&ohp(2t)) because &, is the
true structural error. Then the slope of the test taking h%,(z;) = E(§t0§£0|zt)*lE(Agfa|zt) is equal
to:

hyy (far Ba) = E (E(AF |20 Eluotlol2e) E(AT, =) )

To finish the proof, we must show that for any set of instruments hp, we have: ChB( fasBa) >

Chp (fm ﬁa)-
Denote hp(z) = E(&olylz) Y 2hp(z) and bt (z) = E(&wololz)/2h% (2). With these new nota-
tions, we have:

iy (fas ) = iy s ) = B (R () By (20) — E (a0 () ) B (e B () E (R i (20))
(B (R0 Rp ()
E (o ()R (1)

— G'E (ﬁﬁ/) G >0,

~——
=
—~
2 >
o*
—

IS

~+~
~
>

O

—

N

~+~
SN—

N——
=
/N
>
)
N
N
=
)
—
N
N
~—~7~

=G

with H = (A% (2), hip(2)) and G = (1, E (iz}‘)(zt)’ﬁp(zt)> E (ﬁp(zt)’izp(zt)>_1),.

Special case: when we assume for k # j, £, 1L &2, and take Q = = >0 Eoho (zj0)hp(20)
as our weighting matrix (as we do for illustrations purposes in the main text), we find that the

slope under H, writes:
ho (far Ba) = E(AThp(2ie) 'E(hp (20} (20 E& ol 7)) Bl (20 AF,)-

Using the same arguments as previously, one can show that a maximizer of the slope of the

test is obtained by taking hj(zj) = E(&%]2j0) "E(AL|2).

Proof of Proposition /.
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Under Assumption A, Proposition 1 implies the following:

Hy: (f,8) = (fa Ba) # (fo, B0) = El&e(fo, Bo)lzje] # 0 as.

= E[&u(fo, Bo)lzn)* > 0 as.

= E[E[&(fo, Bo)lz)?] > 0

= E[E[&:(fo, Bo)E[Ej(fol 2l 23] >0
= E[¢:(fo, Bo)E[&(folzp]] >0

—

H,, : E[&(fo. fo) EIAS: 2] ] # 0.
(%5t)
h*D th

Under the same assumptions as 2, we have the following:

H o Bl fo, Bo)hp(2j0)] £0 = Vg € RT, P(Sr(h}, Fo,0) > q) — 1.

Proof of Proposition 5.

Let ‘H the set of measurable functions of z;;, we want to show under H,:
Va € R, aE[Ag:|z;:] € argmax corr(&:(fo, Bo), h(251))-
heH

We proceed in 2 steps. First, we derive the upper bound by showing that for any h € H, we

have:

var (E[A: 2]
var(&ie(fo, b))

To do so, we use the definition of the conditional expectation and the Cauchy Schwarz in-

corr (§5¢(fo, Bo), h(zj)) < J

equality. First notice that we have: E[Agﬂzﬁ] = E[£1(fo, Bo)|#;t). By definition of the conditional

expectation, we have for any h € H,

E[h(2j1)&¢(fo, Bo)] = E[h(z0)E[¢(fo, Bo)|zje]]-

It follows that:

|cov (A(2j1), §¢(fo, Bo))| = cov (h(z;), E[§;:(fo, Bo)23]) < \/ var(h(ze))var (B[ ( fo, Bo)lzj])-
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The inequality comes from the Cauchy Schwarz inequality. The result follows by using the defini-
tion of the correlation coefficient.

Second, we show that the upper bound is reached by taking for any a € R*, h}(z;) =
aE[AF|251]

cov (& fo. o), aBIAT: 23] ) = a cov (AGL EIAT: |21
— o var (E[Ag{;\zﬁ]) .

Consequently,

Va2 \ var(&i(fo, Bo)) var(&;¢(.fo, fo))
O

var (E[AFs| 21 var (E[AY:|2]
corr (&e(fo. fo). i (2j0)) = “J (ELSGil) :>Corr(fjt(foyﬁo)vh})(zjt))$ (EG:150)

B.2.1 Connection with optimal instruments

In the parametric case and assuming that the model is well specified (f € Fy) the BLP parameter
6y is identified by the following non-linear conditional moment restriction E[{;:(0y)|z:] = 0. The
derivation of the optimal instruments in this context has been studied by Amemiya (1974). For
an arbitrary choice of hg(zj), the GMM estimator with the 2-step efficient weighting matrix has

the following asymptotic distribution:

VT(6 = 09) 5 N (0, (T(Fo, 0, hi) UFo, hu) ' T(Fo, 0, b)) ,

with the same notations as previously:

Q(Fo, hi) = [(Zgﬂ Vhi (2t )(ZhE 2j1)&51(0 ) }

D(Fo. 00, his) = {Zh 8550,90)] .

For the sake of exposition, we will assume that unobserved demand shock ;; is independent
across observations, namely: E [£;,(60)&;:(0)|2:] = 0 for j # j'. The general case extends naturally.

The optimal instrument h};(z;:) are chosen to minimize the asymptotic variance covariance matrix.
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We derive the form of the optimal instruments in the context of BLP by applying well known results

in Chamberlain (1987) and Amemiya (1974)

Lemma 2.2. Optimal instruments in the BLP model.

In our setting and assuming f € Fy, the optimal instruments hj;(z;;) write:

Gt |

90
and the corresponding efficiency bound (obtained by setting hgp = h},) writes:

ol

() = Elée(60)? |30 'E [

o -t]'E[@xe)%zﬁw]_l

9€;t(6o)

Proof. To shorten the notations, we denote: o2(zj;) = E[{;1(00)*|z;:] and d(z;;) = E [ =

th:| .

Likewise, we define:
Q(hp) = E[ZE[fﬁwo)z|zﬁJhE<zﬁ>hE<zﬁ>’] |
J

We want to prove that for any set of instruments hg(z;;) that V*(z;;) — To(hg)'Qo(he) 'To(hg)

matrix is semi definite positive.

V*(2jt) = To(hg)Q(he) ' To(hgp) =

et [ S e [ s

J

[ZU zjt)hp(zjt)he(Z5¢) }E {Z hE(th)d(th)'}

J J

=K Zd Z]t ij Z]f :| — [Z ij hE th
J

-E _D(zm’D(zm} 5[ Bt st B[ e st E [ B

The second line comes from law of iterated expectations. The third line is a matricial way to
rewrite the second line. D(z;;) a matrix which stacks d(z;;)/o(2j;) over the set of products (each

line corresponds to one product j). Likewise, let Hy(z;) a matrix which stacks hp(z;,)o(z;) over
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the set of products (each line corresponds to one product j). Now let us define the following

matrices.

g ( Bl gE<th)> and 17 = (zgol E {mzﬁyﬁzﬂzjg]x@{HE@ﬁyHE(zm} )

We have: V*(z;,) — To(hg)Q0(he)'To(he) = ME[X'X]M.

The matrix above is clearly semi definite positive. O

B.3 Feasible most powerful instrument

B.3.1 Local approximation of the MPI

Proof of Proposition 6. First, we define s = p(&;, xa¢, fo(-|\o)) with &; the true mean utility. From
lemma 2.4 p~! is C* and in particular, p~! is C'. Thus, the Taylor expansion of p~!(s?, xat, fo(-[Xo))

around s; writes:

Op~ " (5¢, Tat, fol| M)

P (st o, fo(1A0)) = 7 (st 2t fo(-[Ao)) + (sp — s0) 4+ o(]|sy — s:])

0s s,
Op~ (s, oy, fol.IN
by = 17 s foL o)) + 2T LR o) o159 — )

We now derive an expression for the first derivative of the inverse function. We make use of

(67x2t 7f)
a6

lemma 2.5: for any 6 € RY, 22 is invertible.

Ap(p~" (51, 21, fo ([ M), 2, fol:[ M) N Op~(st, w2t, fo(-|Xo)) (aP(P_l(St,iCzuf0(~|)\0))7$2t7fo(-|)\0))> _7
0s ’ Os Ip~t(s¢, w2, fo(-[Mo)) !

Ap~ (50,220, fo(1N0)  ((0p(6Y, w2, fol-]Ao)\ "
— Ds _( a5 )

with 80 = p~1(s¢, Tat, fo(.|\o)).Consequently,

P~ (8621, fo( [ o)) = 0, = —

~~

A(st»IQtyf()vfa)

i P—s)+olllst=sl) )

(apw?,m, fo(-\)\o)))l (0
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with 5? = p;1(8t7$2t>f0(-|/\0))

Now let us show that there exists a constant M such that |[s? — s;|| < M7(fo(.]No) — fa). with
7(fo— fa) = Jars [fo(v|Ao) = fa(v)|dv. Norms are equivalent in a finite vectorial space and without

loss of generality, we will derive the results with the L; norm. By definition:

) +l’2tv}
so—s:/ exp{d; folv|Xo) — fa(v))dv
t t RE2 1+z;€7:1€Xp {5kt+x’2jkv}( 0(v[Ao) (v))

Taking the L; norm of this vector:

J

exp{d;; + w25v)
180 — silly = / (fo(vAe) — fulv))dv
B ; rE2 1+ Zizl exp {6kt + :c’ijv}
J
exp{d;i + 2;:v)
< / Folvlho) — fulv)ldv.
jzl RE2 \1 + Z,‘izl exp {5kt + $’2ij}

<1

<7 [ 1olol0) = Fo(w)ldo = Tl 20) = fo)

This proves the statement. As a consequence, we have: ||s? — s;||; = O(7(fo(.]\o) — f)) and
o([[s{ = sl|) = o(T(fol-[Ao) — fa))-

The problem with the term s? — s, is that it is an expression of §; which we do not know under
misspecification. As we want to be able to compute this approximation of the error term, it is not
convenient in practice to have an expression which depends on §;. On the other hand, we know 67
and thus, the simple idea that we exploit is to take a Taylor expansion of the term above around

9. First, let us remark that from equation 16, we have that:

[16: = 0¢11 = 110: — p~" (51, w20, fo(Ao) | = O(lls} = sell) = O(7(fo(-1Xo) = fa)).

Now let us take the Taylor expansion of s} — s; around o}:
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0 B exp{0?Y + wov}
S — St = 7 - ( 0(
w6 1 S0 exp { b + a0}
9, exp{d} + zov} } 0 0
+/ —,{ oy — 6 ) (folv|A dv+ol||lé; — &.]) .
Jas 05 \ 1+ 30, exp {00, + 7410} (0 — &) (fo(v|Ao) = fa(v)) (I16: = o711)

~-
B

v|Ao) = fa(v))dv

J/

From what precedes, we know that o(||6; — 6?2||) = o(7(fo(-|\o) — fa)). Now, let us show that

term B in the previous expansion is also o(7(fo(.|\o) — fa)). Again taking the L; norm:

1B =

J
0 4+ al .
Z/ a%{ e;cp{ it iv%v} }(5“ — 30 (fo(v]ho) = fulv))dv
—1 JRX2 001 (1 4 Zk:l exp {5kt + ;c’ijfU}
i/ { exp{ + :BQJtv}
j=11=1 7R | 1+ 1eXp {op, + 372gk:”}

< J*7(fol-| o) — f)O(T(fo(-Mo) — fa)) = O(7(fo([A0) = fa)?) = o(7(fo(-[N0) — fa)) -

Thus, ||Bl|l1 = o(7(fo(.|Ao) — fa)) and by combining all the results together, we get the final

>
5

H |01 — SltHfO(U‘)‘O) = fa(v)|dv

result. When fy(.[A\o) gets “close “ to f,, we have the following approximation:

[ 9p(82, s, fo-[ M) ) - exp{0? + zy} B
A(St,l'2t7f07fa) - < 95 /RK2 1+2Z:1€Xp {5gt+x,2jkv}(fa(v) fO('U’)\O))dU
+o(7(fa — fo(-[M0))) ,
with 5? = Pfl(st7$2t>f0(-|/\0)) and 7(fa — fo(-|Ao)) f]RKQ | fa(v) = fo(-]Xo)(v)]dv . U

B.3.2 Global approximation of the MPI

Lemma 2.3. Analytical expression for A;(sy, zo, fo, fa). Let (5% = p;l(St,l'gt,fg) and 6%, =
pj_l(st, Ty, fo). We have the following;:

exp{z} ., v}
fRKZ 1+Zi:1 exp{gthr:E’%tv} fa (U)dU

exp{x%tv} f( )
RE2 1+Zk lexp{5]t+$2kt }

Aj(St, Tat, fo, fa) = log

84



Proof of Lemma 2.5.

exp{dji+ah;,v} d
e A RN L T > e (e st

POz, o) s i fo(v)do

K. J
2143 eXp{52t+m/2kt

1

exp{z2:v}
eXp{a?t) B fRK2 1_,’_2;:1 eXp{agtJ’_x/thv} fa(/l))dv

S [ et o)

K 7
2143 exp{5?t+$/2kt

exp{z} ., v}
e T e S

= S0

REK2 1+Zi:1 exp{(??t—l—x’%t

= Aj(st, Tor, fo, fa) = log

B.3.3 Approximation of the MPI in the mixed logit case

Proof of Proposition 7. By definition, we have:

gj(xh 7f) : RKI — [07 1]
exp {x;jlé + xéijv}

B -
w14 Y3 exp {al B+ a0

f(v)dv
}

g is C* on REX1. Thus, we can take a first order Taylor expansion of g;(w;, ., f.) around fy:

+ ag(J:ZaN/viO)

gj(xiuﬁa’fa) :Qj(xz‘aﬁoafo) o5

_ (ﬁa_BO)_}_O(Hﬁa_ﬁOH)
B=Bo

This yields immediately,

oo fo o)~ ol o S = [ PN g apyans

RK2 1+ Zi:l exp {80 + v}
ag(‘r’u 67 fa)

a s (Ba = Bo) + o(|[Ba = Boll)

B=Bo

Finally, we need to show ||8, — Bol| = 0 ([gx, |fo(v) = fa(v)|dv). From Assumption 1 by
definition of 8 and 3}, we have fy = f, = B85 = ;. Going further it can be shown using

the Kullback divergence that for any e; > 0 such that fRK2 |fo(v) — fa(v)|dv < ey there exists
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some ez > 0 such that [|85 — B;]| < e2. In other words if [y, |fo(v) — fa(v)|dv is small then
|8 — B3| is also small, thus any small o of ||5, — Bol|| = ||5F — 55|| can be replaced by a small o

of [ar, [fo(v) = fa(v)|dv even if the two quantities are not proportional. Consequently

oo o) — s o S = [ PN g gy

rR¥2 1+ Zi:l exp {250 + w0}

%ﬁ” (Ba — o) + o( /R ) - fa<'”)’d”)

B=Bo

B.4 Specification Test: composite hypothesis

In this section, we prove theorem 5.1, which is the main asymptotic result of the paper. The
section is organized as follows. First, we establish the equivalence between the moment condition
around which we build our test E |> . ;(fo(+[ o), ﬁo)hD(zjt)] = 0 and the one characterizing
H{ - E[&:(fo(:|Ao), Bo)hp(zj¢)] = 0. Then, we introduce the notations used in the proofs and we
decompose E according to the BLP approximations. Second we provide technical lemmas which
prove that under the assumptions in E, the BLP approximations vanish asymptotically. Third,
we prove that the BLP estimator is consistent and asymptotically normal. Finally, we prove the
main theorem and we show that under the null the test is pivotal in the 2 polar cases described

in the main text.

B.4.1 Equivalence between moment conditions

Let hp(z;;) our detection instruments. For conciseness, we omit the dependence in f, and de-
note &;:(fo(-|Xo), Bo) = &;t(0p). We want to prove that the following two moment conditions are

equivalent:

E[€:(00)hp(zt)] =0 <= E

> fjt(Qo)hD(th)] =0

j=1
Let R; a categorial random variable which exogenously selects a product j with probability %

Formally, we have (£,(6y), zj¢) L Rj;. By construction, we have:
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B

E [&5¢(60)hp(25t)] = E [kt (00)hp (2ke) Ryt = ZE €kt (00) hp (25t)| E[ Rt

B
Il

1

E

S

Zsktwo)hz;(zkt)]

k=1

Second line results from independence of (£;:(6p), zj:) and Rj;. This proves the result.

B.4.2 Notations

In the proofs, we will adopt the following notations. If the derivations are done under the para-
metric assumption Hy : f € Fp then we omit the dependence in fy and interchangeably use
Eit(fo(LIN), B) and &;:(0). We also omit the dependence of the BLP pseudo true value in W and
hg(zj) *". Then define the following objectives of the GMM minimization

r(f) = (%Z&(éwzﬁ)) W (%Zéjt(é)hE(zjt))
( ngt hE th ) ( Zgjt hE th )

=E Z &t(0)hp(z) Z fjt(é)hE(th)]

We also define the following moments

WE

Z é-jt Z]t
T Z €]t Z]t

Z Sjt Z]t ]
And recall the definition of T'(Fy, 6, h) which is used interchangeably with T'(6, h)

Z h Z]t gjt

37The BLP pseudo true value depends on W and hg(z;;) when the model is misspecified
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~ 1 a N/
Pr(0,h) = 7 > h(zjt) 5565:(6)
7t

I'(0,h)=E

9 N\’
; h(zjt)@fﬁ(@) ]

Furthermore, unless specified, all limits are taken with respect to T'; Additionally, we denote by
the expression X = op(7T") a random variable or statistic which is asymptotically degenerate
of order 7%, ie X = op(T") & Ve > 0 P(|X|T7" > e) T 0, and denote by X = O,(T") a
random variable which is (bounded in probability) of order 7%, ie Ve; > 0dey > 0,31y : VT >
Ty P(|X|T7" > ey) < e;. Properties of op(1) and Op(1) random variables are used throughout

these proofs.

B.4.3 Feasible Structural Error and BLP approximations

We now decompose the difference between the true structural error §jt(6’~) and the feasible struc-
tural error fjt(é) in terms of the different approximations involved in the derivation of the fea-
sible structural error fjt(é) In market ¢ given an assumption JF(, a parameter 5\, market shares
s, and product characteristics with preference heterogeneity o there exists a unique §; € R’
such that s; = p(d;, Zar, fo(|A)) (Brouwer’s fixed point theorem, see Berry (1994)) so that &, =
o (51, a0, fo(-|\)). There is no closed form for p='(s;, zar, fo(-|]A)) so the NFP algorithm is used.
Denote as C' the contraction used to find the mean utilities which solve the demand equal market

share constraint

C(-, 8¢, Tat, fo("j\)) 16 € RT — 6+ log(s,) — log(p(, $2t>f0("5‘)))

So that for some starting mean utility o € B C R’ where B is bounded, the mean utility obtained

via NFP at the limit is equal to the unique vector which solves the constraint

5t(f0('|/~\)) = P_1(5t7$2t7f0("5‘>) = hl{@lgo C(H)<507 Sty L2t f0(|5‘>)

Similarly the error generated by (fo(-|A, 3)) can be obtained from NFP at the limit
5t(f0(|5‘)a5~> = 5t(f0(‘|5‘)) - xltB = blgfolo C(H)(CSO, Sty Lat, f0(|5‘)) — 11,3
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This way we obtain a vector of mean utilities for each market . There are 3 approximations to
consider, market shares are not truly observed, the demand integral has to be simulated, and the
contraction is never taken to its limit, so define &| (fo, N)) 25\( fo,\) and C for some starting value

do

gt(fo('ﬁ\)ﬁ) = é(H)<50a§t7x2t7f0("5\)) - l’lth, (fo, )) = (5073t>x2t>f07 ))
C 064+ log(8:) — log(p(0, zat, fo(-|Mo)))

Consequently we decompose the difference between the error generated by ( fo(-\j\), B) and its
feasible approximation into 3 differences

&t(fol-1N), B) = &e(fo(-1N), B) = 854(Fo(-1N) = 8je(fo(-IN)
= lim O\ (60, st, 2, fo(1N))) — CV (S0, 3¢, @at, fol-N))

H—oo J
= tim O (8, 56, 20, fo(1N))) — Y (B0, st 221, fol-1N))

H—oo

+ O (60, 50, 21, fo1N)) — c< (80, 31, w21, fo(-|N))

+ C](H)((SOaStantafO( |)\)) (60,St,$2t,f0( |5\))
:p] (StvatafO(")‘> (past7 )

+Dj(p78t75\) _Dj(pu St79)
+D](p7§taé) _Dj(ﬁ)gtvé)

In the fourth line, we simply introduce shortened notations for the same objects.

B.4.4 Technical Lemmas

The 1st and 2nd lemma establish the smoothness of p~! and the invertibility of the Jacobian matrix
of p with respect to . In the 3rd lemma, we derive the Lipschitz constant of the contraction and
we prove that it is bounded away from 0 and 1. The 4th lemma ensures that for key moments

and quantities the BLP approximations can be ignored uniformly asymptotically.
Lemma 2.4. p~!is C*®

Proof. We know that the demand function p is C* and invertible on R’. Moreover,Vé € R,

W # 0. As a consequence, p~!:[0,1]7 — R’ the inverse demand function is also C*. [

Lemma 2.5. For any § € R/, W is invertible.
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Proof. 8p is a J x J matrix such that (a—p) is:

803’ (5t7$2t7f) _ fﬁt(v) (1 - ﬁt(”)) f(U)dU if j=
O — [T Tu() f(o)dv  if j#k

. exp{d;ji+x} . v}
ith 7; = R
wit Zt(v) 1+Z;.],:1 e:vp{(sj/t—&—m;].,tv}

One can easily check that % is strictly diagonally dominant. Indeed for each row j:

6,0] (5t7x2t7 ap] 5t7$2t’ / _
' Okt ‘ ' OO Tulo) {1 Z Tulv V=0

S

>0

Lemma 2.6 (Contraction Mapping Lipschitz Constant).

Given parametric assumption JFy, under assumptions B-E, assume that starting mean utility d is
in B where B is compact, then without loss of generality there exists some (a,a) € R? with a > a
such that for any b € B for any j =1,...,J a < b; < a, furthermore denote by X the compact

support of xa;,. Then on B the map C(-, s, Ta, fo("j\g)) is a contraction with Lipschitz constant

exp{a;+b;+zhH.v} N
i L > fo(v|\)dv
1 (1+Zk exp{ak+bk+x’2kv})
€= jg’c‘zﬁ:‘] ) su}? } - exp{a;+bj+ah;v} by
a€Bbe(0;a—a]’ ,x2eX AEAg f 5, exp{ak—l—bk—i-x%v} ( ’ )

which is in (0;1)

Proof. This proof is inspired by the proof of the Theorem in Appendix 1 of Berry et al. (1995).
Let C;(-) = C(+, 8¢, xa, fo(-|Ao)), we first determine the partial derivative of C;(-)

0Ci(a) _ 1 / exp{a; + by, v} (1+ 35, explar + ay,0}) — exp{2(a; + xy,0)}

Oa; pia, o, fol-|A)) (1+ Yo7y expfax + ahy,v})?
fo(v|5\)dv

B 1 / exp{2(a; + z5;,v)}
pja, 2, fo(-|A) J (1 + Zg:1 exp{ay + z5,,0})?
aC;(a) 1 / exp{a;j + x50} exp{aj + w0}
dajr pi(a,ma, fo(-|N)) (1+ Y0y exp{ay + 2y, v})?

fo(v|A)dv

fo(v|A)dv
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Note that for any j =1,...,J all partial derivatives of C;(-) are strictly positive and that the
sum of its derivatives evaluated in a equals

i 9C;(a) _ 1 / exp{a; + z5;,v} S exp{ay + x’zktv}f (olR)dv
S Dar py(aywas fo(-1N) (1+ Y7 explag + aho})?
B 1 exp{a; + @ v} (1 + S explay + a0} — 1) 31
pi(a, 2, fo(-|N)) / (1+ 27—y exp{ag + 2y, v})? folelA)dy

exp{aj+x’2jtv} ~
| TS wtar g 10O

=1— =
Pj(aa $2t7f0(")\))

For any (ay,as) € B? let a = (||a; — a2||ss --- ,||a1 — a2|s) € RY then

Cj(ar) — Cjlaz) = Cjaz + a1 — az) — Cj(az) < Cj(ag + a) — Cj(az)
l|la1—az2l|, )
< / 8C](CL2 + b) db
0

~

J da
J
dC:(a+b
<lar —asloe sup Z%
a€Bbe(0a—al” T ag
J

oC; b
< llar — asllz max sup 9C;(a+b)

8ak

3=1,.J aGB,bE[O;&—g}J,wQEX,S\GAO k=1

= ||a1 _a2||2 €

where the 1st inequality holds because C;(-) is increasing in all its inputs, the 2nd inequality
holds by the fundamental theorem of calculus and by the total derivative formula, the 3rd and 4th

inequalities hold by properties of norms.

We now prove that sup ST 803(5:1)) € (0;1) which will imply that € € (0;1).
a€B,be[0;a—al’ AeAg

ac, 1) . : . %
J(a’stgzit’f(’(' D is continuous in (a, za;, \) and takes values

To do so we have to prove that 377_
in (0; 1) almost surely, this way because B, X and Ay are compact by Weierstrass’ Extreme Value
Theorem the sum of partial derivatives will also take values in a compact which is inside (0;1),
then the supremum will become a maximum which can be attained and which is inside (0;1). The

sum of partial derivatives is almost surely in (0; 1) because

/ ( exp{a; + 23,0} fow[Ndv = pj(a, zar, fo(|1N))

J
14> ky exp{ag + 9, v})?
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exp{a; + =, v} - exp{a; + 24, v} -
:/ P o ulR)de / P IT ol
(1+ 2 k=1 explar + ,0}) 14D ke exp{ar + 2,0}

/ exp{a; + x’thfu} Zgzl exp{ay + x4,v}
B J
(1 Zk:l exp{ay, $/2ktv})2

exp{a;+5;,v} ~
f 1+Z}c]:1 exp{ag+ah, v} fO ("U’/\)dv

fo(v|N)dv <0

= <1
Pj(a7372t7f0('|>‘))
7 5 [ Pt fo(o])do
- Z 80] (CL, T2t f0(|)‘)> -1 _ 1+Z}c]:1 EXp{ak+xl2ktU}~ >0
k=1 8Gk pj(a7 x2t7f0(.‘)\))

expla;+a5;,v} 5
- d i exp{ak+z;ktv}f0(v\)\)dv

= <0
pi(a, 2, fo(:|\))
7 5 [ P ) fo(o])do
= Z BCJ (CL, T2t f0(|)\)) -1 1+Zi:l exp{ak+x/2ktv}~ 1
k=1 aak pj(a7x2t>f0(")‘))

Continuity of the sum of the partial derivatives in (a, z9) is trivial, continuity in A\ also holds
because fo(-|A) must be continuously differentiable via Assumption D. Ve; > 0,3es : V(A1 Ag) :
[|A1 — Aal]2 < ey implies | fo(v|A1) — fo(v|A2)| < ey for all v which in turn implies

exp{a; + x5;v}

1+ 27 explay, + ahv}

exp{a; + 25.v}
</ 7 L ——|fo(v[A1) = fo(v[A2)|dv
1+ > exp{a + ab v}

Vao € X,Va € B ‘/ (fo(v|A1) = fo(v|A2))dv

<ep

Thus both X = p;(a, xar, fo(-|N)) and X = [ (Hzf}(p{ag?fv, })2f0(v\5\)dv are continuous and
k=1 CXP10k T T,V

so is their ratio. O

Lemma 2.7 (Uniform Convergence of Objective Function wrt BLP Approximations).

Given parametric assumption Fy, under assumptions B-E and Vh which satisfies D

sup VT|gr(8,h) — gr(6, )]s = 0

éG@o

sup|[Dr(0,h) — Tr(0, h)[]s = 0
6cOg

sup| Qr(6) — Q(0)] 0

[ISCH

Proof. Parts of this proof are inspired from Freyberger (2015). We prove the 3 statements of the

Lemma in order
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1. Using the properties of the sup, the fact that V(A, B) rv, Ve > 0, Va € (0,1), P(A+ B >
e) <P(A > ae)+P(B > (1—a)e) and the previous decomposition of the difference between
¢ and E we can find an upper bound on the probability that that the difference between gr(-)

and gr(-) is above a deviation: For any e; > 0

P(sup VT||gr(0,h) — gr(0,h)||2 > e1) = P(SQP \/T%H Z(gﬁ(fo('\j\)yg) — & (foIN), B)h(zin)ll2 > e1)
g

Blsup VT HfZ( H(sevar, Jo(-130)) = Dy(py st Azl > )
+Plsup VT ||—Z< (P56, 8) = Dy (0,50 Azl > 5)
+Plsup VT ||72< (p:80.8) = Dy (.80 Ah(z50)l |2 > )

Then we can prove that each element of the upper bound converges to 0

(a) By properties of contractions and using Lemma 2.6 we have

|,0_1(8t7$2t7 fo('|5\0)) - Dj(:07 St :\)| < 6H|P_1(St,$2t7f0('|/~\o)) - 50| < er

for some constant x which exists due to the compactness of Ay, X and B. Thus using
the iid nature of the data ??(i), the speed of the NFP algorithm Assumption E(iii), the
triangle inequality, Markov inequality and Cauchy-Schwarz inequality the 1st element
converges to 0

(SUP\FH Z( "(st, s, fo(-| o)) — Dj(vataX))h(th)ll2>%)

< P(VTe! %II*Zh Zjt ||2>* Zl\h Zijt H2>*)

HZ\/ (1P (zj0)]

(b) Note that D; is continuously differentiable in s € (0; 1) so that it is uniformly continuous

in s. Indeed C is C* in s so that

a pa Sty H h 1) 6075t7x2t7f0( |)\>)7Stax2t7f0('|5\))
P 0s

Next because Aj is compact it can be covered by some finite union of closed balls in
R*2 ie Ay € UYL AY, with Ve =1,..., N Afl, = {X : []A = AJl2 < 7n}, A € Ag and
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ry — 0. Consequently
N—o00

1 ~ ~ €1
P(sup —=I| » (Dj(p,s1,A) — Dj(p, 56, A) he(zj)ll2 > —-)
5 VT ; ’ ! ’ 3
. el
< _ ) ; -
< P(CT}M As% || Z [(p,51,0) — Dj(p, 3,0))hp(zj)||2 > 3 )
N e
< Y P( sup 1D;(p, 56, A) — Dj(p, 50, M| || hp(zin)ll2 > =)
; AeAN \FZ 3
N e
IP’ , St, —Di(p, 5, A))h i > —
; \fHZ (P, 51, A (P, 8t Ac)) he(24e) |2 9)
N e
+ZIF’ ( sup Z!D (ps 51, A) — Dj(p, s, Ae)| ||he(zj)l]2 > =)
=1 )\GAN 9

N
A3 €1
+ZIP’ (_sup fZ!D py5tAe) = Dj(p, 3, Al [Ihe(z5¢)ll2 > 57)

where the last inequality was obtained using the triangle inequality. Then by uniform
continuity of D, in s it follows that Je; > 0 such that Ve %H 2 ii(Dips s, M) —
Dj(p, 31, Ac))he(ze)||2 > 5 implies \/LTHZj’t(st — S¢)|l2 > ey thence letting P* =

P("nm T, &)

fnz (0,56 2) = D30 81, Azl > ) < (\fl\Z(St—S})Hz>62)

TS E (s —dill) _ T2 (Wi =) TS5 T (i = 5

eaV'T eaV'T h eaV/'T
_ I \/ > B ((n% D it Yigt — E*(yijt))2> JY, \/zj Var+ (L S0 i)
b eaV'T a eaV'T
_ I, \/Zj LVar-(yye) e Z 1
h eaV'T S e VT &=

where Markov inequality, Jensen inequality, the fact that y;;; € {0;1}, that g, is
iid extreme-value type 1 distributed across i, 7 and ¢, and the fact that n; is iid and
independent of all other variables have been used. Then taking the expectations and

summing over N on both sides implies by Assumption E(i)

9 €9 T—o0

N

R e J32N _
ZP\WHZ 5P 51:2c) = Dj(p, 81 Ae)hip(zin)l 2 > ) < VTE(n; ') = 0
c=1
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Next using Continuity of D; in A it must be that for any e; > 0 there exists some N
such that Y\ € A{', such that 1A = A||2 < 7y implies

€1

1 5
ﬁz 1Dj(ps st,A) — Dj(p, st, Ae)| [|he(2jtll2 <
7t

because ry v 0. By definition of the supremum it also implies that
— 00

1 ~ e
sup —= Y _1Dj(p, 56, X) = Djlp, 51, M) [[h(zjell2 < =
S\EAO,C T it

The contraposition is that

1 < €1
S > IDj(p, 56, A) = Djlp, st Ae)| [|h(zjell2 > 9
)\GAO,C 7t

implies VA € AY IN = Ac||2 > 7x which is impossible by definition of A{',. Conse-

quently
N 1 ~ €1
> P( sup N > IDj(p, 51, A) = Dj(p, s, A)| ||he(zell2 > 3)
c=1 A€M, T gt
N ~
< ZP(Q;\EA(])\’ H)\ — )\CHQ > T’N> =0
c=1 *
Similarly
N ) e
Z sup Z |D P, Sta Dj(pa 5t7)‘0)‘ ||hE(th||2 > a) =0
c=1 >\6AOC
(c) With the same arguments as in (b)
. el
SUP 7|| Z (0,86, X) — D (p, 80, \) b (z50) ]2 > 3)
N B o
ZP 7” Z pa 5ty A Dj(p7 Sts Ac ))hE(ZJt)HZ > 5)
c=1
N

1 ~ €1
+ ) P(sup —= ) [Dj(p,5t.A) — Dj(p, 51, )| |lhe(z0)ll2 > )
2P : B

N €1
+> P( sup fZ!D P36 Ac) = Dj(ps 36, | hie(25e)l |2 > )

=1 AeA], 9
N 1 e
=N "P(— Di(p, 8, M) — Di(p, 36, M) hg(2it) |2 > —
czl (\/THJZt( ](p73t7 ) J(p St )) E(th)HQ 9)
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where Dj(p, si,Ae) = CH (8o, 54,70, fo(-|\e)). Dj is C* in p € (0;1), moreover
;i (61, T, fo(-\S\)) and p; (0, o, fo(-|5\)) are continuously differentiable in Ay. There-

fore there exists some ey > 0 such that
N A A €1
—= 2 D3P 5 2e) = Di(p: 5 A Izl > 5

anplies sup 5, [1p(a. 20 fol A = sz, ol 0]z > o, and as B is compact
we can cover it by N closed balls BN = {a € B : ||a — ay|| < r5} with a, € B for any
b=1,...,N so that

€1

N
ZPIZID pr 3t Ac) = Dj(ps 36 Ac)l e (2502 > 5)

c=1
N

;IP’ sup \FZ [lp(a, 22, fo([Ae) = plas; zar, fo(-[Ac))l[2 > €2)
ZIP’ sup \FZIIP a, 22, fo(-|Ae) = pla; 2at; fo(-[Ac))ll2 > e2)

Z Z ||p abvatva( |)‘ ) (ab>$2taf0( |>‘ ))HQ > 62)
]t

where the last equality was obtained reusing arguments from (b). As a consequence

exp{ap;+x ., v « . . .
let Fj;(v) = 1 +kaing{ab;j;,2}ktv} and P*(-) = P(-|xy, &) then using Markov inequality and

Cauchy—SChwarz inequality

f Z [lp(ay, @20, fo(-1N) = plav, 20, fo(-I1A)]]2 > e2)
< JZt “(1p(av, w2e, fo(1N) — play, @21, fo(-1V))]]2)

eaVT
\/z B (G ot Flom) ~E(Euor)?) 755, /55, Vare (b S5y Fren)
S 62\/T N 62\/T

J3/? \/T

< —

€9 R
where the fact that v, are iid draws from fy(-|A) independent from all other variables
has been used. It follows by taking the expectation and summing over N and N that

1 o~ S
P(S’l;p ﬁ Zt |Dj(p> st7)‘) - Dj(p7 Stv)‘)l hE(ZJt)”? T:)oo 0

by Assumption E(i).
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2. The 2nd statement is not formally proven as it largely builds on the proof of the 1st state-

ment. To see why recall that
. ~ 1 0
Pr(0h) = Tr(0,h) = = > hlzi) 55 E0) — &(8))

More precisely let € = (0 ... 0 1 0 ... 0) then

j-th coordinate

~ ~ ~ -1
0&;4(0) 0 5 [ Op(0e(N), z2t, fol-[N)) / exp{d;:(N) + ngtv} N

= 1. —&.(0) = —¢ — A)d
op e a)\fﬂ( : K ( 00 ) 1 +Zk L exp{Ore(A) + v} a)‘fO( e
Thus the columns of the matrix I'r(0, h) —T'7(6, h) associated to the derivative in 3 are equal

8Egt 0) 86]8—359) > e I8 implied by

to 0. Furthermore using an uniform continuity argument ‘

Hét( ) — 6;(N)]|2 > e for some ey > 0. Using the compactness of Ay and Assumption E it is

straightforward that sup ||T'7(0, k) — Tr(8, h)|| 24 0 for any h which satisfies the conditions
X

in Assumption D.

3. The 3rd statement follows from the 1st. Indeed using Cauchy-Schwarz and properties of the
supremum

sup 197(0) — Q1 (0)| =I(37(0, h) — 97(0, k) W (370, he) — gr(0, hg))
fe6,

—2(47(0, hg) — 97(0, hE)) Wor(0, hg))|

< sup |[(§r(8, he) — gr(0, he))|13A(W)
[USCH

+2 sup ||(97(0, he) — gr(0,hp)ll2 sup |lgr(0, hi))|l2a(W)
0€Bg [ZS(Ch

where () maps a square matrix towards its maximum eigenvalue. By D(iv) and definition
of the L, matrix norm, ﬁ(W) R a(W). Then we apply Jennrich’s ULLN: the data is iid, O is
compact, and g7 (6, hg) = > i fol: I\), B)hg(z;) has an enveloppe with finite absolute 1st
moment because &;;(fo(-|\), B) = p~ (s, 221, \) —xljtﬂ and p~!(+) has a maximum because it
is continuous and its input are in a compact and because B is in a compact and x4 ;; has finite

4th moments, see Assumption B; Thus by the CMT sup ||gr(0, hg))||2 L sup 1g(8, hi)||a;
e 6e6q

Finally using the 1st statement we have ||(§r(0, hg) — gr(0, hg))||2 L 0 therefore by the
CMT

sup |Qr(6) — Qr(6)] = 0

[ASSH
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B.4.5 Asymptotic Properties of the BLP estimator

Lemma 2.8 (Consistency of BLP Estimator).

Given parametric assumption Fy and under assumptions B-E,

050,

Proof. We prove consistency using arguments for the consistency of M-estimators. For any e; > 0
such that [§—0| > e; then by Assumption D(iii) there exists some e, > 0 such that Q(6)—Q(6,) >

ey as b is the unique minimizer of the objective. Thence for any e; > 0, Jes > 0 such that

P(|0 — o] > 1) <

A

P(
IP(
< P(Qr(6h) — Q(00) + Q(0) — Qr(0) > e2)
P(Qr(f) — Qo) > (1 — a)es) +P(Q(6) — Qr(f) > aey)

where o € (0;1), the 2nd inequality comes from the fact that Qr(6) — Qr(6,) is almost surely
negative by definition of é, and the 3rd inequality is obtained by utilizing properties of indicator

functions. Then by a direct implication of Lemma 2.7 the right-hand-side converges to 0.

Lemma 2.9 (Asymptotic Normality of BLP Estimator).

Given parametric assumption Fy, under assumptions B-E and under Hy : f € Fy
VT (0 — 00) = (T'(00, hg)WT 0y, hi)) " VT (00, hg)W gr (0o, i) + 0p(1)
Furthermore under Hy; f € Fy

VT = 0) SN0, (T (0o, hig)WT (6, hg)) T (60, he)WQ(Fo, hg)WT (60, hi)
(T'(00, he)WT (00, o)) ™")

Proof. We prove asymptotic normality using arguments from M-estimators asymptotics. From

Taylor’s theorem there exists some 0 such that ||0~ — bol]2 < ||9 — || and
QT(é7 hE) = gT(907 hE) + fT(é, h/E)(é — 90)
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= VT (0, hg)Wir(0, hg) = VTG0, hg)Wgr (0o, hi) + Lip(0, hg)WITr(0, hg)VT(0 — 6y) = 0
N N/ N T N -1 ™~/ N Tra
& VT(8 - 00) = = (D0, he)WDr (8, k) ) VT8, hp)W i (B, )
where the 1st implication is due to the FOC Assumption D(v). Then, we apply the CMT to

(A, B) — (A'BA)~'A’B which is a continuous mapping if A and B are full rank so that when
taking A = I'7(0, hg) and B = W we obtain:

VT (0 — 0y) = — (I'(6g, hg)WT 0y, hig)) " VT (09, hig)W g1 (00, his) + 0p(1)
To prove that plim I'7(6, hg) = plim T'(6, hg) = T'(6y, hi) we make the following decomposition
L7(0, hp) = T(00, i) = (0, hi) — T (0, hg) + T (6, hig) — T(0, hig) + T(0, h) — T(6, o)

where the 1st difference is op(1) by Lemma 2.7, the 3rd difference is op(1) by the CMT and the

consistency of 0, see Lemma 2.8, and the 2nd difference is op(1) by Jennrich’s ULLN. The ULLN

) fjt( )

can be applied if and only if Z he(zj has an enveloppe with finite 1st absolute moments:

§1(0) = p~ (se, xar, fo(-|N)) — 7,8 and 85” = x1j; with 21 has finite moments of order 4 by
Assumption B(iv), whereas 8%’5/\(9) = & l(st . S and p! is C°° with arguments (s, 2o, )

which take values in a compact thus ag—:\l has bounds.

Thence plim T'7(6, hg) = plim T7(6, hg) = T'(0o, hg) which is full rank by Assumption D(ii),
plim W = W which is full rank by Assumption D(iv), and by Lemma 2.7 plim /T (7 (0o, hg) —
g1(0o, hg)) = 0 so we can apply the aforementioned CMT and by the CLT which can be applied
because g(0y, hg) = 0 under the null

VT (0 = 60y) = — (I'(0g, hg)WT (0, b))~ VTT' (0o, hg)W gr(0o, hi) + op(1)
SN, (T80, hip)WT (6o, his)) T (B0, hur) WUFo, hip) WT (6o, )
(I' (6o, he)WT (6o, b)) )

B.4.6 Asymptotic distribution of the test statistic
Proof of Theorem 5.1
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Proof. This proof leans heavily on the proof of Lemma 2.9. By Taylor’s theorem there exists 6
such that H(g 90“2 H@ (90“2

VTir(0, hp) = VTir(8y, hp) + L8, hp)VT(6 — 6,)

= (Iny — T, hp) (' (00, hp)WT (B, hp)) T (6o, hp)WIVT 9r(%, o) +op(1)
gT(eo,hE)
— (o VT [ T o)
9T(907hE)

The second equality is obtained by relying on the proof of Lemma 2.9 to express \/T(é —0y) as a
function of moments, by relying on Lemma 2.7 so that plim T §r(6y, hp) = plim \/Tgr (0o, hp)
and plim Tr(0, hp) = plim T (6, hp), and by using the CMT.

e Under Hy: f € Fo then E |3, hp(2)€;:(0o)| = 0 by LIE. So using the CLT and Slutsky’s
Lemma we obtain

ﬁgT(év h‘D) _d> Z o~ N(Oa QU)

where
Q(‘FO?hD) Q(fO;hDahE) -[|hD|0
o = I|hD\o G
Q(]:o,hp,hE)' Q(.Fo,hE) G’

with

U Fo.hp) = [(Zfﬁ (1Mo), Bo hD(Z]t)) (ZhD(th)ﬁjt(fo(.Mo)a50))1

U(Fo, hp, hp) = Kz@t (-1 A0), Bo)hp(23¢) >]<ZhE (2j0)&5e(fo(-[Xo), B ))}

G = —T'(0y, hp) [T'(0y, hg) WT (6, hE)] [0y, hg) W
Thence by the continuous mapping theorem:

S(hDa FOa é) = @T(é, hD)/XA]gT<é, hD) i) Z/EZ
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e Under H) : E Zj hp(zj)€e(fo(:|Ao), Bo)| # 0, we have by Lemma 2.7, by consistency of
6 5 6y and the CMT:
@T(é, hp) = gr(o, hp) + op(1)

Thus by Assumption D(iv) and the CMT

!/

~

w SE | ho(z08:(Fo(100), 80) | ZE | hn(zi0)&n(fol- o), Bﬂ)]
- J
n(hD?]r:o,GO)

Under H], k(hp, Fo,0p) is strictly positive because X is positive definite. Thence,

, S(hp, Fo,0) —
Vg e R lim P(S(hp,Fo,0) >q) = lim IP’( (hp, Fo,0) —q S O)
T—00 T—o00 T

= P(I{(hp, fo, 90) > O)

=1

where the 2nd equality holds because convergence in probability implies convergence in

distribution.

B.4.7 Application of Theorem 5.1 to the 2 polar cases

1. Sargan-Hansen J test

If hp = hg, with W and ¥ are set to be equal to the GMM 2-step optimal weighting matrix

X=W= ]E[ (Z fjt(fo(‘P\o)aﬁo)hE(th)) (Z fjt(fo('Mo)aﬁo)hE(th)> ]_ = Q(Fo, he)™!

Then under Hy:
A d
S(hp, Fo,0) = Xiaplo—iols

Proof. By applying theorem 5.1, we have:

S(hp, Fo,0) % Z2'SZ with Z ~ N(0, Q)
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If hp = hg and W = Q(Fy, hg)~! then ©y simplifies to

Qo = Q(Fo, hg) — (0o, hg) [F(Qm hi) Q(Fo, hg) T (b, hE)]_l I'(6y, hg)'

= Q(Fo, he)* Moz hp) 172000 1) U Fo, h)

with Moz, hp)y-1/2000,hs) = Lhslo — Loz he)-1/2000,hs) 18 the orthogonal projection on the

space orthogonal to Q(Fy, hg)~V/2T(0p, hig). Let Z ~ N(0, Ijs,), we have by definition:

Z - Q(F{), h’E)1/2MQ(]:0,hE)*1/2F(9(),hE)Z — 21/22 == MQ(FO,hE)flmF(@(),hE)Z

— 7'N7 = Z/MQ(]'—OJZE)_I/QF(@OJLE)Z

Second line comes from symmetry and idempotence of Mgz, 1.)-1/21@0,h,)- Orthogonal
projections have eigenvalues equal to either 0 or 1 with the number of eigenvalues equal to
one corresponding to the rank of the space it projects into, which in our case is |hg| — |0]o.
If we denote by V' the matrix of eigenvectors of Mg x 4,)-1/2r(gy,n) then note that V'Z ~

N(0, Ip ) so that

|hElo—10l0

2'v7 = Z (V/Z)i ~ X|2hE|O—\9|0

k=1

. Non-redundant hp and hg
If Qq is full rank and if the econometrician sets ¥ = 5!, then our test statistic has the

following asymptotic distribution under Hy:
~ d 2
S(hT7 ‘FOJ 0) — X|hD|0

One sufficient condition for g being full rank is (£;:(f(-|Xo), o))/, is independent across j
and (hg(2), hp(z;:)) not being perfectly colinear.

Proof. The asymptotic result is direct; (&+(fo(-|Ao), 50));; being independent across j and
(he(zjt), hp(zj1)) not being perfectly colinear implies that

Fo.hi. ) = 3 E [ (fol1ho). B0z len (20

J
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=y = Z(IIhD\o GYVar | £:(fo(-| M), Bo) p(zjt) ol
: hE(th) el

Thus € is positive definite because it is the sum of positive definite matrices. m

B.5 Properties of the MPI in the composite specification test: f € Fj

Proposition 8 (Consistency of the test for the composite test with the MPI). Under Assumption
A and Assumptions B-E

H,: f¢&F, = VYgeR", P(S(h), Fo,0) > q) — 1.

Proof of Proposition 8.

From corollary 2.1. Under Assumption A,

Ho: f&F0 = El&Gi(fo(|M), fo)lzje] # 0 a.s
= E[&i(fo([), Bo)lzju]* > 0 as
= E[E[&:(fo(|N), Bo)l2e*] > 0
= E[E[&:(fo(-[N), Bo)E[&e(fol-[ho)lzje]|252]] > O
—  E[:(fo(1M), Bo)E[Ee(fo(-|Xo)|z5]] >0
= VYa £ 0 H,: E[&(fol-|h), Bo) eE[A,]25:] ] # 0.

hi (zj¢)

From theorem 5.1, under Assumptions B-E,

Hy 2 E[&:(fo( M), Bo)hp(25)] # 0 = Vg € RY, P(S(hy, Fo.0) > q) — 1.
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C Additional results and comments

C.1 Literature on the identification of the distribution of RC

In this section, we briefly summarize some recent findings on the identification of random coeffi-
cients in discrete choice models. In their seminal paper, Berry and Haile (2014) shows the iden-
tification of the demand functions p in a framework that encompasses the BLP model but their
result does not entail identification of the random coefficients’ distribution per se. To achieve
their identification result, they require a completeness condition on the instruments as well as
additional conditions (eg: connected substitutes) to ensure invertibility of the demand functions.
They also need to impose that at least one of the product characteristic has a coefficient that is
not random and that is equal to 1. Notice that in BLP model, the structure implied by the logit

shock guarantees invertibility of the demand functions.

Fox et al. (2012) provides conditions under which the distribution of random coefficients is
identified in a mixed logit model with micro-level data and no endogeneity. Their identification
result requires continuous characteristics in o, and rules out interaction terms (eg polynomial
terms of xy;,). Moreover, their result is restricted to distributions of random coefficients with a

compact support - excluding for instance a normally distributed random coefficient.

Fox and Gandhi (2011) investigates the identification of the joint distribution of random coeffi-
cients v; and idiosyncratic shocks €;;; in aggregate demand models without endogeneity. They also
consider a setting where endogeneity is introduced in a very restrictive way. They show identifica-
tion under a special regressor assumption and finite support of the unobserved heterogeneity. The
special regressor assumption assumes that a variable in x1, has full support and has an associated
coefficient that is either 1 or -1. This special regressor assumption is very common in the literature
on the identification of random coefficients (see Ichimura and Thompson (1998), Berry and Haile
(2009), Matzkin (2007) and Lewbel (2000)). Their framework does not nest the standard BLP
model as €;;; and v; are both assumed to have a finite support but it is more general in other
dimensions. They do not exploit the logit distributional assumption on €;5, they do not impose
independence between v; and €;;;, their identification argument can be extended to the case where

multiple goods are purchased.
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In a setting much closer to ours, Dunker et al. (2022) studies the identification of the distri-
bution of random coefficients in endogenous aggregate demand models which includes the BLP
model as a special case (in particular, no parametric assumption is made on the idiosyncratic
shock ¢;;;). They make a clever use of the Radon transform to identify f. The price they have to
incur for flexibility is that they need to make stringent assumptions on the product characteristics:
variables in x; are required to be continuous and to satisfy a joint full support assumption. The
idea is to exploit the variation in the covariates in order to trace out the distribution of rc f.

Unfortunately, these requirements are rarely met in real data sets.

In contrast to the rest of the literature, Wang (2022) adopts all the parametric assumptions
assumed in the standard BLP model and looks for the set of minimal assumptions under which
the distribution of random coefficients is identified. This approach allows him to obtain sufficient
conditions which are much less stringent than the rest of the literature (no special regressor
assumption, no full support assumption, no continuity assumption). To be more specific, he
shows that if the demand functions are identified on an open set of R73% then the distribution
of random coefficients is identified. His proof astutely exploits the real analytic property of the

demand functions®?.

C.2 Feasible MPI: conditional expectation

In this subsection, we briefly motivate our approach of approximating the conditional expectation
by first projecting the endogenous variables on a relevant subset of the exogenous variables. The
problem we encounter can be summarized as follows. We want to compute E[g(x1;, z2;)|2j], where
g is highly non-linear, z;; are endogenous variables and xo; are exogenous variables. Moreover,
zj; has a large dimension (in the BLP model, its order of magnitude the number of productsx
number of characteristics). Our approach consists in first projecting the endogenous variables z1;
on a relevant subset of z;, before plugging them into g(xy;, o). The traditional approach consists

in using a non-parametric estimator of E[g(xy;, 2¢)|2;:]. However, given the dimension of z;;, this

38which can be achieved using theorem 1 in Berry and Haile (2014)
39In particular, the real analytic property yields that the local identification of p on D C R” implies identification

of p on R’. From global identification of p, he is then able to show that the random coefficients’ distribution is

identified under a simple rank condition on xy;
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approach is likely to yield poor results in practice because of the huge curse of dimensionality. In
contrast, we know that some endogenous variables in x; only depend on a subset of z;;, which
we denote Zij, then we can use this to our advantage to construct a more precise estimator
of E[[g(z1t, xat)|2e). First, &1, = E[zy:|Zj] will be much more accurately estimated as we only
condition on Z;;; (for instance, the price usually depends on its own cost shifters and its own
product characteristics, while the dependence with respect to characteristics of other goods is much
weaker and can be ignored empirically). For exposition, we further assume that dim(xy;) = 1. We

take a second order Taylor expansion of E[g(x1, 2¢)|zj:] around &;.

829(f1t; ﬁzt)
dx?

39(%, $2t)
8;1:1

R g(i1y, X 0?g(Zy, .
Zg(:vu,xzt)Jr—g( 16, T2 E[(71 — Z1¢)]25¢] +E ) - 2t)(ﬂﬁlt—901t)2|zg‘t
8(1:1 N s aIl

-~

Elg(@1, v20)|2je] = Elg(Z1s, 20)|2j¢] + E (71, — flt)’%t} +E [ (w1 — jlt)2|zjt:|

with Z1; € [z14;21]. Our approach yields an estimator that converges faster to g(Z1, o),

which is a first order approximation of E[g(z1s, zat)|2;]-

C.3 Choice of the large-T asymptotics

In this paper, we study the asymptotics of our test when the number of markets T grows to
infinity. We could also study the asymptotic properties of the BLP estimator and of the test when
J grows to infinity and 7' stays fixed. We do not pursue this route for several reasons. First,
from an economic point of view, a market with a number of products that grows to infinity is
hardly conceivable in industries with imperfect competition and barriers to entry. Second, from a
theoretical point of view there is a tension between the identification of demand which require all
market shares to be strictly positive, see Berry and Haile (2014), and the large market asymptotics
which require all market shares to tend to 0 as J grows to infinity, see Berry et al. (2004). At the
same time it is well established that a many (weak) instruments problem can easily occur in a BLP
model with a fixed number of markets and many products especially when using the traditional
BLP instruments, see Armstrong (2016).

Consequently only markets with perfect competition and a careful choice of instruments could

somehow fit the assumptions necessary for the BLP model to yield consistent estimators and
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valid tests with large J. Yet in the majority of empirical IO papers the markets have imperfect
competition, sometimes oligopolies, and use the traditional BLP instruments. Thus we establish
our theory with a large number of independent markets, which is a natural setting for empirical

IO papers and which is not plagued with the aforementioned theoretical problems.

C.4 Construction of the interval instruments in practice

We now provide more details on how to construct the interval instruments in practice. The

procedure to construct the interval instruments is as follows:

1. Given (Fo, W, hg), the researcher derives the BLP estimator
2. Then the researcher chooses L points (v;)%, € R in the presumed support of fo(-|\).

3. Finally, the researcher can construct a set of L interval instruments based on the approxi-

mations of the MPI that we develop in sections 4.2 and 4.1.

e Global approximation: {7;;(2;:) }i=1,. 1 interval instruments, which are such that:

exp{z5,;,vi}
14300, eXP{égt"'wlzkt”l}

L
E [Aj (st zat, fo, fa)lzji] = log (Zw Wj,l(zjt)> with m;(zj0) =

exp{zy;,v}
=1

RK2 1+Z,{:1 exp{S?ter/%t,U} Jo ('U)d'l)

with 3? the linear projection of 49 on zj; (or a carefully chosen subset of z;;).

e Local approximation: {ﬁjl(zjt)}l:lw’ 1, interval instruments such that

™~

E[A;(s¢, z2t, fo, fa)2t] Z 7i1(2jt)

<3p(5t , Tat, fo exp{6? + worv;}

pj((;?antafO)
1+ 37 exp {5kt + $2ktvl}

with Tl (th) =

with (50 the linear projection of &) on zj; (or a carefully chosen subset of ;).

Choice of the L points in the domain of f, The researcher doesn’t know a priori the support
of the true density f,. Thus, he/she must choose points in the domain of definition of f,. If this

choice coincides with points of the support where | fo(-|\o) — fa| is large, then this choice generates
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more informative instruments. In practice, one can take points in the high density regions of
fo(-]No) (eg if Fo is the Gaussian family, then one can take points around the mean \). The
choice of of the number of instruments N obeys a usual bias variance tradeoff. On the one hand,
a large L allows to better approximate the MPI and thus increases the detection ability of the
instruments. On the other hand, it is well-known that a larger number of instruments can induce
finite sample bias and can distort asymptotic distributions of estimators and tests such as the

t.40 Moreover, we observe in our simulations, that when one takes points in

over-identification tes
the support that are too close to each other, the implied instruments suffer from high levels of
colinearity. For these reasons we advise not to use too few or too many interval instruments, in
our simulations and application we use between 6 and 10 instruments (in every dimension). We

leave a formal analysis of the optimal choice of L and of the general approximations properties of

the interval instruments for future work.

C.5 Feasible MPIs for estimation

In the estimation framework, the researcher assumes that f € Fo, = {fo(-|A) : XA € Ay} and
wants to estimate the true parameter 6y = (5, \j)" under this parametric restriction. From the
connection between the MPI and the local instruments that we present in Section 3.3, we infer
that good testing instruments hp(z;;) ought to approximate the MPI devoted to test Hy : 6 = 6
against any local alternative. If we have an initial estimator of 6y, we can directly use the interval
instruments presented in Section 4 to approximate the MPI devoted to test Hy : 8 = 6y. However,
this approach requires to estimate 0 in a first step. Here, we present an alternative approach based
on the global approximation of the MPI we derived in Section 4.2, which has the advantage of not
requiring a first stage estimate of 6. it is straightforward to show that for any true parameter 6,
and any alternative 6,, we can rewrite the global approximation of the non-linear part of the MPI

as follows:

40See Roodman (2009) for a review on the effect of many possibly weak moments on estimation and testing.
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L

E[A; (s, Zat, 00, 04)|2j¢) ~ log <Zwl(90,0a) %j,l(zjt)> with 7;(2j) =
=1

exp{xéjtvl}

1+ Zgzl exp {5% + .Zgjk’()l}

‘Dl(ea)

exp{z,,v} )
RK2 1+Zi:1 exp{é?t-‘racéjkv} fO( |)\O) (’U)d’U

and & (00, 04) =

, with g?t projected first stage estimates of ¢, which can be obtained, for example, under the logit

Jt

specification. 7£rj7l(zjt) do not depend on fy and can be used for estimation.

C.6 Estimation procedure when the distribution of RC is a mixture

In this section, we present a procedure to estimate the BLP model when the distribution of RC
is parametrized as a mixture. Namely, we perform the estimation under Hy : f € Fy with Fy the

family of Gaussian mixtures with L components. The pdf of a Gaussian mixture writes as follows:

L L
Ve e R, fo(z|A) = Zplofz(xp\zo) szo =1 L>1
=1 =1
where fio(-|\g) is the pdf of a N (w0, 03).

As long as the means are different (w9 # o VI # U'), the gaussian mixture is uniquely
characterized by the vector Ao = (P10, - - -, PLo; 410, - - -  HL0s Tiags - - - , T29) UP tO permutations of
indexes?'. The objective of our procedure is to estimate the parameters of the model 6y = (89, \o)
where )y characterizes the mixture. In general, the problem of estimating a density by a mixture is
solved through the use of the well-known Expectation-Maximization (EM) algorithm. In our case,
the application of this algorithm is made difficult by two main obstacles. First, we do not observe
directly the random coefficients. Second, we do not have individual choice data which would have
enabled us to construct a likelihood as in Train (2008). As an alternative, we propose to adapt
the BLP estimation procedure to estimate the parameters of a mixture of gaussians instead of the
single normal distribution. The mixture affects the derivation of the market shares. The random

coefficient v; is now a gaussian mixture. Hence, v; = > ;_, 1{D; = l}v; where (v;)?, are iid and

41Tf for some | # I’ we have ujo = o then the Gaussian mixture becomes observationally equivalent to an

infinite number of other Gaussian mixtures
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have density fio(:|A\io) known up to Ao for [ = 1,..., L, and where (D;)!, are iid categorically
distributed with pmf P(D; = [) = py. For all market ¢ and product j, the demand functions are

as follows:

p;i(0s, Tat, fo(.|Ao)) = P(j chosen in market ¢ by @]z, o, &)
B / exp{; 00 + 5,0 + i}
R 1+ Z;'I’:l eXp{x/u'tﬁO + @90 + &k

f() (v|)\0)dv

L /
exp{d;; + x5, v}
= E pzo/ — = ; Jio(v| Mo)dv
=1 R 1+ Zj/:l exp{d;. + m2;"1&7}}

Reparametrization. The parameter \ associated with the mixture consists of the means, the
standard deviation and the probability of each component. As highlighted by Ketz (2019) in
the simple Gaussian case, the way we parametrize the model can greatly affect the asymptotic
properties of the estimator as well as the quality of the estimation. In particular, he shows
that the standard deviations o should be reparametrized in order to avoid boundaries issues
when o close to 0. We follow this parametrization and perform the minimization with respect
to {(+/—)\/0i}f-; instead and (oy)f,; directly. An additional difficulty in the case of mix-
tures concerns the estimation of the probabilities associated to each component. These prob-

abilities must all be between 0 and 1 and their sum must be equal to 1. To smoothly in-

tegrate these constraints, we perform the optimization with respect to v = (79,...,71) with
_ _ 1 exp{y2) exp{yL)
p= (PP pr) = (1+Zf:z exp{m)’ 1+ exp{n) T 140, eXP{w))'

Estimation details. Apart from the modification in the computation of the market shares and
the new parametrization of the model, the estimation procedure with a mixture follows closely

the traditional one and the parameters of interest are estimated by minimizing a GMM criterion.

Let Q(#) the GMM objective function:
Q(0) = £(0)' ha(Z)Whi(2)'E(6)
We now describe the derivation of the Gradient that we provide to the minimization program.
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50 =2 | ag | hE(@Whe(Z)E(6)

00, [oéo)]
-] o6

Where %(g) = —ux; and where by the implicit function theorem we have p;(0;, zo, A) — s = 0 V7, t

which implies:

0E(0) _ 95(0) _ [ap(a, xQ,A)} 1 0p(6, 22, \)

o 0\ 00 O\

° gg is a JT' x JT diagonal by block matrix such that:

0p; (0, 20, A) _ S Tiw() (1= Teu(v)) ¢r(v)dv  if j=
P S [ T T@d)do if 4k

exp{dji+ah; v}

with T (v
]lt( ) 1+Z;’,:1 exp{dj/ﬁx;j,tw}

. gf\ is a JT x (3L — 1) matrix such that:

O

a j 6 ) 7)\
pj(é—oj%) =y /7311& (:Egjt - Zlﬁ'ztﬂfzj’t) vp(v)dv
M Zg w0 / Ton

'=1

a 1 6 7:[; 7)\
9p; (0, w2, A) _ p /731t (xzjt - Zﬁ'ltma"t) ¢(v)dv
j/

: no_ —exp{m) exp{v) o exp{m) o o
With ¢(;, 1) = 143 k1 exp{v) x IR ei(p{%) +1{I=1 }H'Zk;ﬂ exp{mn) . PLXPU +HI=1}p

C.7 Properties of the feasible approximations of the MPI

So far, we have studied the properties of the MPI, which is an ideal instrument that cannot
be derived in practice. Nevertheless, in light of the previous results, the MPI provides a useful

upper bound on the power that can be reached using our specification test. More precisely, the
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asymptotic slope reached by the MPI can be interpreted as a power envelope on our specification
test. Ideally, we want our specification test, with the approximated MPIs as instruments, to

achieve slopes close to the ones reached by the MPI. We now distinguish 2 situations.

First, we consider the case where the econometrician tests Hy : (f,3) = (fo, o) against the
a known alternative overH, : (f,3) = (f.,B.). This situation is not interesting in practice as
the econometrician usually doesn’t know the true alternative and doesn’t want to specify an
alternative. Nevertheless, it illustrates that in this specific case, we can (in theory) derive a
consistent estimator of the MPI. Indeed, in this particular case, we can directly derive an analytical
expression for the correction term AgJ; either using its definition or the expression in 4.2. Next,
we must to compute the conditional expectation of our the correction term with respect to zj;.
This step is quite challenging because the dimension of z;; is large and because the correction
term is heavily non-linear and non-separable with respect to the endogenous variables. In theory,
a solution is to perform a Sieve non-parametric estimation of the conditional mean and under
standard regularity conditions recover a consistent estimator of E[Ag{ﬂzjt] Unfortunately, the
rate of converge will be extremely slow given the dimension of z;; and we don’t recommend to
do this in practice. Instead, we suggest to use the global approximation and to project the
endogenous variables on the space spanned by a relevant subset of zj;. As we show in Appendix

C.2, this strategy yields an estimator which converges faster to a first order approximation of the

MPI.

Second, we consider the more realistic situation where the econometrician tests Hy : (f, 8) =
(fo, Bo) against an unspecified alternative. In this case, we use the interval instruments that we
developed in Section 4 as an approximation of the MPIL. Due to the different layers of approxima-
tions which intervene in the construction of these instruments and the absence of knowledge of f,,
it is quite difficult to establish conditions under which these instruments can reach the optimal
slope of the MPI. A thorough analysis of the properties of these instruments is beyond the scope
of this paper and may constitute an interesting starting point for future research. In spite of the
lack of theoretical analysis, our Monte Carlo exercises show that the interval instruments perform

really well in finite sample.
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D Monte Carlo experiments

D.1 Counterfactuals under an alternative distribution

For the simulation exercise presented in Section 6.2, we use the following expressions for own- and
cross-price elasticities for product j € {1,2,..., J}. For the sake of simplicity, we drop the market

index, t, in the following expressions.

e Own-price elasticity:

g Pi0% P / a1 exXp{d; + Tejvi} exp{d; + zv;} fa()de
] L+ 300, exp{0y + zpvi} | 1+ 37, exp{6y + wejrvi}

s;0p; s

J

Sq/]

e Cross-price elasticity (k # j):

p_ PrOsp &/a ( exp{d; + x¢v; } ) exp{0r + Txv; } fo(0)dv

’]7.
7o 0pr s 1+ Z}]/:l exp{d; + xcvi} | 1+ Zj/:l exp{d; + x¢jv; }

where oo = 2 and 0; = 2 + x,; + 1.52; — 2p; + &; in the DGP.

Demand functions. In Figure 9, we plot the demand functions generated under the different

specifications (logit and gaussian) of the true densities.
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Figure 9: Demand function
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D.2 Finite sample performance of the test

Practical implementation of the test.
cations. Minimization is performed with nloptr ( algorithm: NLOPT-LD-LBFGS). We provide an
analytical gradient. The Threshold for the outer loop is 1e-9 while the threshold for the inner loop
is 1e-13. We use squarem and a C++ implementation for the computation of the market shares

to speed up the contraction. We also parallelize the contraction over markets using 7 independent

Chi-square

1.00-

o
3
o

Demand curve
=
b
3

0.25-

25 50 75 100

Price

0.75-

Demand curve
o
P
3

0.25-

100

25 50 75
Price

logit approximation

For each setting, we estimate the model for 1000 repli-

cores. Now we formally describe the instruments included in each test.

Power against local alternatives.
assuming that the random coefficient v; is distributed according to a local alternative. Namely, we

assume v; ~ (1 — \%) N(2, 1)—1—\%}/ where Y is an alternative distribution including exponential,
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Chi-square, Student, Uniform. We ensure that Y has mean 2 and variance 1. The results are
reported in 13. First, we can observe that except for the uniform local alternative, our test
appears to have non-trivial power against all the other local alternatives. For the exponential and
chi-square distributions, it is clear that our test with interval instruments outperforms the Sargan-J
test with traditional instruments. For the student local alternative, the results seem quite unstable
for small sample sizes but as T increases, interval instruments also seem to perform better. For

the uniform alternative, it appears that we don’t have power against this local alternative.

Table 13: Empirical power, local alternatives (1000 replications)

Number of markets T=50 T=100 T=200
Test type J I J I Local J I Local J I J I Local J I Local
Exponential 0.266 0.704 0.227 0.677 | 0.222 0.869 0.272 0.868 | 0.236  0.982 0.394 0.975
Chi-square 0.217 0.219 0.134 0.174 | 0.13  0.167 0.096 0.151 | 0.099 0.171 0.086  0.15
Student 0.212 0.139 0.33 0436 | 0.115 0.115 0.127 0.093 | 0.082 0.13  0.134 0.312
Uniform 0.198 0.1 0.126 0.074 | 0.107 0.062 0.095 0.051 | 0.073 0.049 0.084 0.044

D.3 Finite sample performance of Interval instruments for estimation

Practical implementation of the estimation procedure. To assess the performance of
our instruments in estimating the non-linear parameters with a flexible distribution of random
coefficients, we simulate data with a distribution of random coefficients following a mixture of
gaussians and we estimate the parameters of this mixture. For each setting, we estimate the
model for 1050 replications. We select the replications with an objective function below a certain
threshold (in order to avoid local minima). Minimization is performed with nloptr (algorithm:
NLOPT-LD-LBFGS). We provide an analytical gradient, which we describe subsequently. The
Threshold for the outer loop is 1le-9 while the threshold for the inner loop is le-13. We use
squarem and a C+4 implementation for the computation of the market shares to speed up the
contraction. We also parallelize the contraction over markets using 7 independent core. Before we
formally define the different sets of instruments, let us present the estimation procedure when the

distribution of random coefficients is assumed to be a mixture.
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Instruments Now we formally describe the instruments present in each different sets used for

estimation.

e Differentiation instruments: differentiation instruments + exogenous characteristics (poly-

nomial terms) + cost shifters (20 instruments)

e Optimal instruments are computed in two stages. The first stage instruments consist of
differentiation instruments and exogenous characteristics (polynomial terms). Second stage
instruments consist of polynomial terms of exogenous characteristics and the approxima-

tion of optimal instruments proposed in Reynaert and Verboven (2014) (approximation of

E 8pj_1(8t,932t,>\)
o\

zt] ). The set called optimal instruments includes 15 instruments.

e Interval Instruments are computed in two stages. The first stage instruments consist of
differentiation instruments and exogenous characteristics (polynomial terms). Second stage
instruments are the interval instruments couples with some exogenous characteristics. A
total of 23 instruments. The points in the support to compute the interval instruments are

chose as follows: we take equally spaced points in the interval {83, — 0.5(83y — Bar), B3y +
0.5(B3r — Bar) }-

Comparison of the performance between the different sets of instruments. We now
report the mean biases and the empirical /M SE of the estimates for each set of instruments and
for different sample sizes. We also plot the distributions of estimates for the non-linear parameters
for the different sets of instruments. First, we plot the distribution of estimates obtained when
the set of differentiation instruments from Gandhi and Houde (2019) is used with a sample of
T = 200 markets and J = 12 products. We observe that despite a relatively large sample,
the differentiation instruments perform rather poorly in estimating the non-linear parameters
associated with the mixture of Gaussians. In particular, the estimates of the standard deviation
parameters associated to each component are very dispersed and a large portion of the estimates

are bunched at zero. Second, we plot the distribution of non-linear estimates obtained with the
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optimal instruments from Reynaert and Verboven (2014). They tend to perform better than the

differentiation instruments as we can see that the estimates are more concentrated around the true

value. Yet, it is important to emphasize that the optimal instruments display large failure rates

caused by perfect colinearity of the instruments. Finally, we plot the distribution of estimates for

the non linear parameters when we use the interval instruments developed in Section 4. It appears

clearly that the interval instruments yield a more concentrated distribution of estimates than the

two other sets of instruments. For the sake of conciseness, we do not report the results with a

mixture with 3 components but the observations we make with two components are even more

exacerbated.

) L . s e o
Table 14: Estimation mixture with “differentiation” instruments (1000 replications)
Parameter Bo @ B Ba Bar 31 B3m o3H L
Sample size true 2 -2 1.5 1 -2 0.5 4 0.5 0.25
bias -0.12 0.022 -0.016 -0.018 | 0.214 0.184 -0.022 -0.045 0.027
T=50, J=12
VMSE 0.308  0.06 0215 0.215 | 0.633 0.734 0.281 0.35  0.075
bias -0.064 0.011 -0.01 -0.011 | 0.189 0.347 0.022 -0.081 0.025
T=50, J=20
VMSE 0.231  0.044 0.165 0.166 | 0.566 0.887 0.184 0.291  0.059
bias -0.058 0.01 -0.012 -0.012 | 0.233 0.226  0.02  -0.066 0.027
T=100, J=12
VMSE 0.204 0.041 0.147  0.148 | 0.592 0.703 0.256  0.305 0.072
bias -0.04  0.006 -0.007 -0.007 | 0.198 0.423 0.047 -0.101 0.025
T=100, J=20
VMSE 0.165 0.032 0.117 0.116 | 0.552 0.89  0.164 0.27  0.055
bias -0.038 0.007 -0.003 -0.003 |0.184 0.167 0.011 -0.049 0.019
T=200, J=12
VMSE 0.152  0.03 0.11 0.11 | 0.466 0.601 0.176 0.262 0.053
) o . vt 1 o
Table 15: Estimation mixture with “Optimal” instruments(1000 replications)
Parameter | Sy o B B2 B3 osL fPsm osm pL
Sample size true 2 -2 1.5 1 -2 0.5 4 0.5 0.25
bias -0.09 0.016 -0.012 -0.013 | 0.076 0.059 0.026 -0.111 0.01
T=50, J=12
VMSE 0.296  0.057 0.234 0.232 | 0.361 0.483 0.212 0.281 0.036
bias -0.046  0.007 0 0.001 | 0.074 0.11 0.028 -0.089 0.01
T=50, J=20
VMSE 0.225 0.044 0.178 0.176 | 0.328 0.563 0.163 0.228 0.033
bias -0.041  0.007 -0.004 -0.003 | 0.054 0.037 0.019 -0.066 0.007
T=100, J=12
VMSE 0.202 0.039 0.157 0.158 | 0.279 0.4  0.154 0.211 0.028
bias -0.029  0.004 -0.003 -0.003 | 0.074 0.107 0.033 -0.074 0.01
T=100, J=20
VMSE 0.153  0.03 0.126 0.124 | 0.311 0.52 0.129 0.194 0.034
bias -0.029  0.005 -0.001 -0.001 |0.026 0.011 0.021 -0.061 0.004
T=200, J=12
VMSE 0.136  0.026 0.111  0.111 |0.184 0.313 0.113 0.172 0.018
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Table 16: Estimation mixture with Global Interval instruments(1000 replications)

Parameter | [ a B B2 Bsr o3, Bsm  osm  pL
Sample size true 2 -2 1.5 1 -2 0.5 4 0.5 0.25
bias -0.154 0.029 -0.043 -0.045 | 0.017 0 -0.045 0.004 0.005

T=50, J=12
VMSE | 0.341 0.067 0.257 0.258 | 0.277 0.391 0.227 0.259 0.024
bias -0.092 0.017 -0.02 -0.021|0.013 0.042 -0.018 -0.003 0.004

T=50, J=20
VMSE |0.245 0.048 0.19 0.19 | 0.248 0415 0.166 0.22 0.021
bias -0.07 0.013 -0.017 -0.019| 0.004 -0.012 -0.027 0.005 0.002

T=100, J=12
VMSE 0.2 0.039 0.161 0.161 | 0.167 0.282 0.157 0.201 0.013
bias -0.047 0.008 -0.006 -0.007|-0.009 -0.005 -0.008 -0.009 0.001

T=100, J=20
VMSE |0.158 0.031 0.13 0.129 | 0.115 0.264 0.115 0.169 0.005
bias -0.039 0.007 -0.004 -0.003|-0.006 -0.027 -0.015 -0.001 0.001

T=200, J=12
VMSE | 0.141 0.027 0.109 0.109 | 0.088 0.219 0.108 0.164 0.003

instruments(1000 replications)

Parameter | Sy a B1 Ba B3r o3, Bsw 03w pL
Sample size true 2 -2 1.5 1 -2 0.5 4 0.5 0.25
bias -0.134 0.025 -0.023 -0.024 |-0.006 -0.005 -0.039 -0.001 0.003

T=50, J=12
VMSE |0.307 0.059 0.26 0.259 | 0.251 0.34 0.214 0.244 0.019
bias -0.084 0.016 -0.024 -0.025|0.019 0.033 -0.023 0.01 0.003

T=50, J=12
VMSE |0.245 0.047 0.188 0.186 | 0.228 0.38 0.15 0.184 0.018
bias -0.075 0.015 -0.018 -0.016 0 0 -0.028 0.007 0.001

T=50, J=12
VMSE |0.199 0.039 0.159 0.16 | 0.127 0.225 0.143 0.164 0.005
bias -0.039 0.007 -0.011 -0.011 |{-0.003 0.004 -0.01 0.004 0.001

T=50, J=12
VMSE |0.162 0.032 0.129 0.129 | 0.104 0.226 0.103 0.125 0.004
bias -0.037 0.007 -0.008 -0.007 | 0.002 -0.007 -0.016 0.006 0.001

T=50, J=12
VMSE |0.136 0.026 0.11 0.109 | 0.091 0.174 0.099 0.123 0.003
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Figure 10: Distribution of estimates for non-linear parameters with “Differentiation” instruments

(T =200, J = 12)
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Figure 11: Distribution of estimates for non-linear parameters with “Optimal” instruments (7" =
200, J = 12)
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Figure 12: Distribution of estimates for non-linear parameters with “Global Interval” instruments

(T =200, J = 12)
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Figure 13: Distribution of estimates for non-linear parameters with “Local interval” instruments

(T = 200, J = 12)
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D.3.1

Estimation with a single Gaussian

Table 18: Estimation with a single Gaussian (1000 replications)

Instruments Differentiation ”Optimal” Interval Global Interval Local
Parameter | o a b1 Ba B3 o3 Bo a B Ba B3 o3 Bo a B Ba B3 o3 Bo a B Ba Bs o3
Sample size true 2 -2 1.5 1 1.5 0.5 2 -2 1.5 1 1.5 0.5 2 -2 1.5 1 1.5 0.5 2 -2 1.5 1 1.5 0.5
T30, J—12 bias -0.16 0.032 -0.031 -0.028 -0.032 -0.004 | -0.09 0.018 -0.016 -0.014 -0.018 -0.003 | -0.15 0.03 -0.028 -0.026 -0.03 -0.004|-0.15 0.03 -0.028 -0.026 -0.03 -0.001
B VMSE 0.292 0.057 0.212 0.209 0.138 0.069 | 0.27 0.053 0.214 0.211 0.138 0.067 | 0.288 0.056 0.212 0.209 0.138 0.066 | 0.286 0.056 0.212 0.209 0.138 0.064
T80, 7230 bias -0.091 0.018 -0.022 -0.022 -0.015 0.001 [-0.047 0.009 -0.013 -0.013 -0.006 0.001 |-0.084 0.017 -0.021 -0.021 -0.013 0 [-0.086 0.017 -0.021 -0.021 -0.014 0.002
o VMSE 0.209 0.041 0.159 0.16 0.106 0.05 |0.199 0.039 0.16 0.161 0.106 0.05 |0.206 0.041 0.16 0.16 0.106 0.052 [ 0.208 0.041 0.159 0.16 0.106 0.052
o100, 7212 bias -0.088 0.017 -0.001 0 -0.027 0.001 |-0.052 0.01 0.007 0.007 -0.02 0.001 [-0.082 0.016 0 0.001 -0.026 0.001 [-0.074 0.014 -0.016 -0.016 -0.013 0.001
T VMSE 0.199 0.039 0.146 0.145 0.1  0.045 | 0.189 0.037 0.148 0.147 0.099 0.047 | 0.197 0.039 0.146 0.146 0.1  0.044 [ 0.185 0.036 0.151 0.152 0.099 0.044
100, 120 bias -0.043 0.009 -0.011 -0.012 -0.006 -0.001 |-0.021 0.004 -0.007 -0.008 -0.002 -0.001 | -0.04 0.008 -0.011 -0.012 -0.006 -0.001 {-0.035 0.007 -0.01 -0.009 -0.004 0O
T VMSE 0.145 0.028 0.115 0.114 0.075 0.035 | 0.141 0.028 0.115 0.114 0.075 0.035 | 0.145 0.028 0.115 0.114 0.076 0.035 | 0.14 0.027 0.116 0.115 0.076 0.035
100, 1220 bias -0.038 0.007 -0.012 -0.012 -0.004 0.001 [-0.017 0.003 -0.006 -0.007 -0.001 0 [-0.032 0.006 -0.009 -0.01 -0.004 0 |-0.033 0.006 -0.009 -0.01 -0.004 0.001
I VMSE 0.132 0.026 0.11  0.11 0.073 0.032 | 0.127 0.025 0.109 0.109 0.069 0.032 | 0.129 0.026 0.109 0.109 0.069 0.032 | 0.129 0.026 0.109 0.109 0.069 0.031
E Empirical application
p 1 applicat
. . . .
E.1 First stage regression: instruments on price

In Table 19 we present the first stage regression for the endogenous variable, price. The explanatory
variables include exogenous characteristics as well as the excluded instruments we presented in
7. We find that the excluded instruments are jointly significant with an F-stat of 467.41. As
expected, we see that the steel futures price and its interaction with the weight of the car correlate
positively with the price. We also see that the higher the exchange rate between the Euro and the
local currency at the place of assembly, the lower the price of the car as the cost of production
decreases. Moreover, we also see that if the location places a role as the European (country of
assembly) dummy is negatively correlated with price. This could point to shipping expenses that
are reflected in the price. Note that the effect of the labor costs is not as strong and not of the
expected sign. Although we control for missing labor costs in the data with a missing dummy
variable, it could still be causing a bias for the coefficient. Finally, the correlation between the
competition-related instruments and the price shows that the degree of competition across cars of

the same class matters.
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Table 19: First stage regression for price

Price/income
Labor costs (hourly) —0.0002**
(0.0001)
Steel (futures) price —0.0001***
(0.00001)
Steel (futures) price * Weight 0.00003***
(0.00000)
# Cars by engine-type 0.001**
(0.0001)
# Cars by engine-type and class —0.002***
(0.00004)
Exchange rate (non European) —0.0002***
(0.00002)
Europe dummy —0.018***
(0.003)
Horsepower 0.527**
(0.003)
Gasoline —0.057**
(0.003)
Fuel cost —0.003***
(0.001)
Size 0.037***
(0.002)
Foreign —0.008***
(0.003)
Height 0.062**
(0.009)
Observations 38,999
R? 0.896
Adjusted R? 0.896
F Statistic 5,167.373*** (df = 65; 38933)

Note:Brand, Year and State FE’s are included.
*p<0.1; **p<0.05; ***p<0.01

E.2 Baseline specifications: logit and nested logit

Table 20 shows the results from the logit and nested logit specifications. We define the nests by

the class of the car, therefore limiting the substitution between the cars that belong to the same
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class within a nest.*> We observe that the estimates are stable across specifications.

Table 20: Estimation results - Logit and Nested Logit

OLS v
(1) 2 ®3) (4) (5)
Price/income —0.354* —2.907 —2.356"* —2.729* —2.615"*
(0.041) (0.133) (0.124) (0.053) (0.052)
log(within market shares) 0.420** 0.407***
(0.006) (0.006)
Fuel Cost —0.210"* —0.138" —0.247 —0.074* —0.126™*
(0.008) (0.006) (0.009) (0.004) (0.006)
Size(m?) 0.031 0.001 0.158"* —0.001 0.104"
(0.038) (0.040) (0.041) (0.025) (0.026)
Horsepower(KW /100) 0.136 3151 25117 2.586* 2.431%
(0.089) (0.183) (0.172) (0.080) (0.078)
Foreign 0.351% 0.083 0.120% —0.106™* —0.101"
(0.064) (0.073) (0.070) (0.046) (0.044)
Height(m) 0.870* 1.505"* 3487 1.121 2.270"
(0.216) (0.197) (0.228) (0.125) (0.145)
Gasoline 1.399*** 0.625 1.118** 0.190** 0.422"
(0.055) (0.061) (0.063) (0.039) (0.041)
Fuel cost x income 0.020% —0.002* 0.014** —0.002"* 0.007*
(0.002) (0.001) (0.002) (0.001) (0.001)
Size x income —0.005"* —0.002"* —0.006* 0.0003 —0.002"*
(0.001) (0.001) (0.001) (0.001) (0.001)
Horsepower x income 0.009** —0.026™ —0.017* —0.027* —0.024"
(0.002) (0.002) (0.002) (0.001) (0.001)
Horsepower x time —0.084"* —0.068"* —0.083* —0.038"* —0.045"
(0.006) (0.007) (0.007) (0.004) (0.004)
Foreign x income —0.019"** —0.015"* —0.016"* —0.008"** —0.008"*
(0.001) (0.001) (0.001) (0.001) (0.001)
Height x income —0.006 0.032* —0.002 0.016* —0.003
(0.004) (0.004) (0.005) (0.003) (0.003)
Height x density —0.037* —0.003"* —0.037* —0.001"* —0.021"
(0.004) (0.0003) (0.004) (0.0002) (0.003)
Gasoline x income —0.016™ —0.003" —0.010* 0.0004 —0.003"*
(0.001) (0.001) (0.001) (0.001) (0.001)
Gasoline x Post 2015 —0.024 —0.019
(0.019) (0.012)
Constant —T7.937* —12.482* —11.171*** —9.144* —8.506™*
(0.167) (0.149) (0.167) (0.092) (0.102)
State FE/ Year FE Yes No Yes No Yes
Observations 39,888 39,888 39,888 39,888 39,888
R? 0.385 0.217 0.272 0.686 0.709
Adjusted R? 0.384 0.216 0.271 0.686 0.709

*p<0.1; *p<0.05; **p<0.01

Note: Brand FE’s are included.

42Car classes in the data are: Mini, small, lower-middle, middle, upper-middle, luxury.
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E.3 Counterfactual quantities under different specifications

We define quantities of interest and derive them under the different specifications considered
previously. For exposition purposes, we omit the dependence of the market shares in §;, xo; and

f, and simply write s;(p) instead of p;(d;, zo; f), where p is the price vector.

Price elasticities. For the calculation of the price elasticities one can refer to D.1 that writes

the quantities for the simulation exercise.

Demand curvature. The demand curvature is defined using second derivative of demand

3?%s; 0s; —2

Marginal costs and mark-ups. To recover the marginal costs and the implied mark-ups,
we need to make additional assumptions on the supply side. Following the literature, we consider
that each multi-product firm f € F sets prices for its own products in accordance with a Bertrand-
Nash equilibrium. The profit of each firm writes:

Iy(p) = Z Z (pj — ¢;) Mysji(p)
t jed;
where J; is the set of goods produced by firm f, ¢; is the marginal cost for good j, M, is the
market size and s;(p) is the market share of product j. The first-order condition with respect to

price p; writes:

> Mysp(p)+ Y M, > (py — ) 957(B) _

op.
j’EJf pﬂ

We gather all the FOCs and rewrite them in matricial form:

s(p) + (A(p)) (p —¢) = 0.

885;(_10) if / and j are produced by the same firm and equals to zero
J

where A(p) = >, M,
otherwise. A(p) is known as the ownership matrix. Assuming that the prices are in equilibrium,

one can recover the marginal costs using the following equation:
c=p—(A(P) " s(p). (17)
The mark-up for product j simply writes: p; — ¢;.
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Pass-through The pass-through of cost is defined as follows. Let us assume that the

marginal cost for product j goes from c; to ¢} (with ¢; > ¢;), then the cost pass-through equals

Pl —pj . ey . e . . .
aj = #——, where p} is the new equilibrium price. We calculate the new equilibrium price using
3¢

Eqn. 17 using fixed point iteration. The pass-through corresponds to the proportion of the cost

increase that is transmitted to the price.

Table 21: Counterfactual quantities under different specifications on RCs (20 most popular cars)

Counterfactual quantity Price elasticity Curvature Marginal cost Mark-up Pass-through
Car Manufacturer | Logit Gaussian Mixture | Logit Gaussian Mixture | Logit Gaussian Mixture | Logit Gaussian Mixture | Logit Gaussian Mixture
Golf Volkswagen |-1.09  -0.95 -3.03 | 1.00 1.14 1.21 1260 -9670 15436 |24098 35028 9922 | 0.92 - 1.30
Polo Volkswagen |-0.74  -0.70 -2.50 | 1.00 1.15 1.09 | -6643 -14366 9073 23819 31542 8103 | 1.05 - 1.09
Passat | Volkswagen |-1.43  -1.21 -2.27 | 1.00 1.17 1.57 9488 -1033 17826 |24631 35153 16294 | 1.02 - 2.65
Corsa PSA -0.66  -0.63 -2.28 | 1.00 1.14 1.07 | -8432  -11246 8410 |24088 26902 7246 | 1.02 - 1.12
Fiesta Ford -0.62  -0.60 -2.18 | 1.00 1.15 1.07 | -8983  -10806 7657 23487 25310 6847 | 1.03 - 1.10

Tiguan | Volkswagen |-1.32 -1.14 -2.28 | 1.00 1.17 1.55 6831 -2919 16211 |24118 33868 14738 | 1.01 - 2.62
Golf Volkswagen |-1.17 -1.03 -3.12 1.00 1.18 1.27 3128 -7932 16582 |23828 34888 10374 | 0.99 - 1.41
up! Volkswagen |-0.53  -0.52 -1.92 | 1.00 1.14 1.05 |-11231 -17703 4594 |23278 29749 7453 | 1.04 - 0.96

Tiguan | Volkswagen |-1.34  -1.15 -3.09 | 1.00 1.19 1.38 7051 -4117 19186 |23842 35009 11706 | 1.01 - 1.66

ler-Reihe BMW -1.16  -1.03 -3.09 | 1.00 1.18 1.28 3845 -769 19179 |25138 29753 9805 | 0.99 - 1.39

Octavia | Volkswagen |-1.23 -1.08 -2.33 1.00 1.17 1.50 4629 -4504 15464 |24211 33345 13377 | 1.01 - 2.34
A4 Volkswagen |-1.56  -1.30 -2.26 | 1.00 1.19 1.56 | 13209 1995 20260 |25865 37079 18814 | 1.01 - 2.66
Clio Renault -0.73  -0.70 -2.49 | 1.00 1.16 1.10 |-6240  -8684 9817 23120 25563 7063 | 1.03 - 1.17
T-Roc | Volkswagen |-0.87  -0.81 -2.80 | 1.00 1.17 1.14 | -3645 -12275 11578 |23798 32427 8575 | 1.06 - 1.16
Kuga Ford -1.16  -1.03 -3.09 | 1.00 1.18 1.28 3654 -518 18214 |23684 27856 9124 | 1.03 - 1.39
Golf Volkswagen |-1.10  -0.99 -2.34 | 1.00 1.16 1.44 1548 -7284 13678 23929 32762 11799 | 0.96 - 2.13

A-Klasse Daimler -1.28 -1.10 -3.07 1.00 1.19 1.35 6608 562 20662 |25066 31112 11013 | 1.01 - 1.56
Golf Volkswagen |-1.05  -0.94 -2.33 | 1.00 1.16 1.42 417 -8115 13135 |24177 32710 11460 | 0.72 - 2.11
Golf Volkswagen |-1.18  -1.05 -3.15 | 1.00 1.18 1.27 3202 -8230 16705 |23921 35353 10418 | 0.98 - 1.40

Octavia | Volkswagen |-1.05  -0.95 -3.02 | 1.00 1.17 1.21 380 -8835 14808 |23862 33077 9433 | 0.78 - 1.30
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Figure 14: Estimated demand functions under different specifications
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